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1 Doelstelling

De student kan zelfstandig ‘complexe’ digitale systemen op een systematische wijze (bottom-up}

onfwerpen op basis van:

= de VHDL-beschrijving van de functionaliteit van het systeem volgens een synchrone

ontwerpmethodologie
»  de simulatie en verificatie van de functionalifeit beschreven in VHDL
= de logische synthese van de functionaliteit
= de implementatie in een FPGA
= de verificatie door systeemtesten.

2 Competenties

Bachelorcompetentie Ba Comp-Matrix

kan de specificatie van een nieuwe schakeling uit toegepast wetenschappelijk onderzoek | IV1, OV1, OV2,

analyseren SV1

kan een digitale schakeling bottom-up onfwerpen op basis van {herbruikbare) modules KI3, AV2, IV3,
OV1, OV2, 0V3,
SV3

kan de functionaliteit van digitale schakelingen met VHDL beschrijven KI3, AV1, AVZ,
V3

kan synchrone ontwerpmethodologie voor digitale hardware toepassen KI3, AV2, IV3

kan de VHDL beschrijving van digitale schakelingen verifiéren met simulatie ah.v. test- | KI3, AV2, CV1

benches {(kan de gepaste inputvectoren opstelien en de resulterende outputvectoren

analyseren)

kan de VHDL beschrijving van digitale schakelingen met logische synthese omzetten naar | KI3, AV2

een implementeerbare beschrijving

kan een digitaal ontwerp implementeren in FPGA-architecturen KI3, AV2

kan het kritische pad van een geimplementeerde digitale schakeling bepalen

kan een digitaal systeem in een hedendaagse EDA-omgeving ontwikkelen op | KI3, V2, V3

architectuurniveau (Modelsim, iSE, EDK): beschrijven, simuleren, synthetiseren (logische

synthese) en implementeren (FPGA)

heeft inzicht in het gedrag van elementaire digitale bouwstenen KI3

kan zijn activiteiten plannen, rekening houdend met opgegeven deadlines SV3

kan de informatie, ideeén, problemen en oplossingen communiceren met vakgenoten AV3
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3  inhoud

Kennis Ontwerp-vaardigheid Taal Architectuur
Ontwerptechnieken systeemconcept bottom-up | VHDL FPGA
= synchroon ontwerp analyseren,

= ontwerp voor hoge snelheid

module-integratie

Ba = fixed-point ontwerp
sem3 = architecturen
Implementatie
» programmatietechnologie
= FPGA architectuur
Digitale Modules

1. Rekenkundige Combinatorische Functies (ALU, shifter, comparator, multiplier, MAC)
2. Tellers voor hoge snelheid
3. Direct Digital Synthesis

Ontwerpmethodologie

4. Synchroon Ontwerp voor hoge snelheid
5. Input/output conditionering voor synchroon ontwerp
6. Ontwerp voor testbaarheid

Technologie

7. Field Programmable Gate Array (FPGA)

ir. J. Meel
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1. FSM Input Conditioning

1.1 Debouncing

SR-latch (cross-coupled NAND gates)

i Q § dominates
asynchronous
circuit

" Q R dominates

s R|a @ state

0 0 1 1 | ambiglous

0 1 1 ] SET

1 0 0 1 RESET

1 11 Q@ Q| memory W

The simplest memory element in digital design is the SR fatch, which consists of two cross-coupled
NAND gates. The SR-latch has two input signals, the set signal S’ and the reset signal R’, It also has
two output signals, Q and Q. Finally, it has two states, a set state when Q=1 (Q' = 0) and a reset state
when Q=0 (Q' = 1). As long as both input signals S’ and R’ are equal to 1, the SR latch persists in the
same state. For example, if Q = 0, the cutput of the botfom NAND will be equal to 1, which, in turn, will
keep the output of the top NAND at 0, because also 5'= 1. Similarly, if Q = 1, the output of the bottom
NAND wili be equal to 0 because also R'= 1, which will make the output of the top NAND equal fo 1.

if the S input (R input) becomes equal o 0, while keeping R{(S') at the value 1, the SR-latch goes to
the set (reset) state.

if input signals $' and R’ are both equal to 1, both output signals, G and Q', must be equal to 1. This are
ambiguous outputs, since they state of the SR-latch cannot be labeled as either set or reset. If one of
the input signals is disasserted earlier than the other in this ambiguous stats, the latch will end up in the
state forced by the signal that was disasserted later, Cne problem inherent in the SR latch is the fact
that if both S and Rare disasserted at the same time, the latch state cannot be predicted,

Examining cross-coupled NAND gate cell shows that the basic property for a sequential circuit is
preserved, which is feedback.

DIGITALE SYNTHESE - FSM: Input/Qutput 2
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Single-Pole/Double-Throw Switch Debouncing
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A common problem in digital system design is to provide human interface to the system. The use of
push-bution switches is a typical exampie. Asynchronous input signals from push-button switches often
produce a phenomenon called confact- bounce that derives from the mechanical structure of the switch
and the physical nature of the contact surfaces. This contact-bounce is the result of the spring-like
operation of the switch mechanism and the microscopic irregularity of the switch contacts. Multiple
open/iclose transitions may occur immediately following the depression or release of a button switch, or
any mechanical switch for that matter. it can take several milliseconds to die out. Serious problems can
result in an FSM if a high-frequency clock catches the bounce signals produced by a mechanical
switch. This is equivalent to the introduction of false data.

The single-pole/double-throw (SPDT) switch can be debounced very easily and precisely by using a
SR-latch. The debouncing circuit for a SPDT switch is shown. Two pull-up resistors generate a logic
one for the gates; the switch pulls one of the inputs to ground. Netice that when the switch button is in
the up contact posifion the SR-latch is set, and when it is in the down contact posifion it is reset.
Furthermore, in an off-contact position the SR-latch is forced to hold the previous output. What this
means is that the first contact bounce to cross the switching threshold of the SR-latch on an up or down
position of the switch will set or reset the SR-latch, respectively. All subsequent bounces are ignored.
That s, any contact bounce that is produced following the first can do nothing but hold the SR-aich in
either a set or reset condition.

The switch moves a rather long way between conacts. It may bounce around a bit, but wilt never bang
all the way back to the other contact. Thus, the SR-latch's output is guaranieed bounce-free.

DIGITALE SYNTHESE - FSM: Input/Output 3
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Single-Pole/Singte-Throw Switch: Debouncing - Version 1
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Shown is a simple normatly closed single-polefsingte-throw (SPST) mechanical switch, and the contact
noise {bounce) that occurs as a result of opening or closing the switch.

Only one of the inputs of the SR-latch car be driven by the switch. When the switch is closed, the SR-
latch is set and all subsequent bounces are ignored. But also the return of the switch to an open state
wilt be ignored. Therefore the SR-latch must be re-armed on reguiar time intervals.

The maximum speed with which a mechanical switch can switch state is about f,,,, = 10 Hz (100 ms
period). Therefore, the state of the SR-latch is sampled on a frequency f.,, higher than f,,., but
lower than the oscillating frequency of the contact-bounce {typically more than 1 kHz) to prevent that
the SR-latch is sampled more than once during the bouncing of the switch.

The output Q of the SR-latch is ioaded in a synchronizing data flip-flop at the sampling rate f,
the state of the SR-latch is sampled, the input status can be processed by the FSM.

The SR-latch can be reset by the sampling flip-flop (this is the fastest way), when it is certain that the
FSM will not 'miss' this status of the switch. When the FSM must perform an action, caused by the
closing of the switch, it is needed that the FSM is in a state where a transition or an output depends on
SW, the sampled status of the switch. When this is not the case, the SR-latch is kept in the set state
untit the FSM is in a state where it can react. In this state the FSM can also reset the SR-latch, as an
acknowledge that the closing of the switch is detected and processed.

ampla’ Once

If the swiich is still closed, while resetfing, the SR-latch comes in the ambiguous state. In this case the
bouncing, while opening the switch, can still be seen at the output of the SR-atch.

When the reset is released {after 1 sample clock cycle) the SR-latch is re-armed. A new closing
condition of the swiich can now be detected.

DIGITALE SYNTHESE - FSM: Input/Output 4
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Single-Pole/Single-Throw Switch: Debouncing - Version 2
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The status of the SR-latch can also e sampled on the Q' cutput, which is dominated by the value of the
R’ input. During reset (R'= 0) of the SR-Iatch, the Q' output remains high, independent of the value of
the & input.

To prevent that the FSM will ‘miss’ the detection of a closing of the switch, due to an early reset of the
SR-latch, a SR flip-flop is used to ‘catch’ the closing siate of the switch. This SR flip-flop remains high
until it is reset by the FSM. In this way the switch and the FSM are synchronized to sach other.

DIGITALE SYNTHESE - FSM: input/Qutput 5
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1.2 Synchronization of Asynchronous Input Signals
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A clock domain is a group of
logic elements and related signais
that are synchronized 1o one clock.

Synchronization errors:
a. Missed signal pulse

b. Wrong state transition (n FF's) :
¢. Undefined state transifion {1 FF - metastability)

Asynchronous inputs don’t have a timing relation with the system clock clk of the FSM.

Typical asynchronous inputs are: interrupt, bus request, transmission acknowledge, mechanical switch,
proximity switch, analog sensor with DA converter, ... Also signals originating from other synchronous
FSM's that operate on a different clock (cther clock domain).

Asynchronous inputs can change logic level at any time, also in the sampling interval [-T,T,;} around
the active clock edge. Viclation of the set-up and hold requirements are possible. Proper fransitions
cannot generally be guaranteed. Simply stated, a synchronous FSM may not function properly if
asynchronous inputs are present.

There three types of synchronization errors;

a. Missed signal pulse

b. Wrong state transition (change of multiple FFs)

¢. Undefined state transition {single FF changes and becomes metastable)
Proper synchronization is needed to handle this synchronization problems.

DIGITALE SYNTHESE - FSM: Input/Qutput
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a. Missed Signal Pulse
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Data can arrive as asynchronous pulses of duration t, less than that of the clock period T, The FSM
must detect this pulses. It can be impractical fo increase the frequency of the system clock to a
frequency higher than 2/t {Nyquist sampling criterion).

A means must be sought to stretch as well as synchronize the data signals. A scheme is needed to
cateh the input pulse and hold it until the FSM can service the input. If this can be done then the input is
synchronized.

Two effective schemes for accomplishing the streiching/catching operation {pulse catching cell) are
shown:

. set-dominant SR-latch: the pulse drives the set input and sets the SR-latch
. data flip-flop: the pulse drives the edge sensitive clock edge and sets the data flip-flop

The narrow asynchronous puise is transformed into a fransition. The change in level can then be
detected on the next active clock edge of the synchronous system (synchronization).

DIGITALE SYNTHESE - FSM: Input/Output 7
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pulse catching synehronizafion
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The actions of the pulse calching and synchronization are illustrated

The pulse is first transformed fo a level by the pulse catching cell, then synchronized by the
synchronizer (data flip-flop). The active low output of the synchronizer is fed back to the R’ input of the
pulse catching celt to reset it in readiness for the next narrow pulse. Notice that the output of the
synchronizer, sP, is both stretched and synchronized, thereby providing a reliably detectable signal fo
the FSM ragardless of the puise duration. it is needed that the FSM is in a state where a transition or an
output depends on sP, the synchronized levei of the pulse. When this is not the case, the pulse catching
cell is kept in the set state until the FSM is in a state where it can react. In this state the FSM can also
reset the pulse catching cell, as an acknowledge that the pulse is detected and processed.

In the timing diagram, it is observed that not all narrow puises can be caught by the synchronizer and
presented to the FSM. If a second pulse appears during the reset of the pulse catching cel, it cannot be
picked up by the pulse catching cell as a discrete data pulse. Consequently, a second narrow pulse
having a leading edge separated by less than 2.T , from the leading edge of the first pulse cannot be
guaranteed to be caught by the FSM, and a second ieading puise edge separated by less than T, from
the first can never be caught. These limiting conditions are based on the assumption that the setup and
hold times are negligibly small compared to the clock period, usualty a vafid assumption,

This condition is an applicafion of the Nyquist sampling criterion;
Ty > 2Ty

DIGITALE SYNTHESE - FSM: Input/Output 8
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b. Wrong State Transition (n FF’s)
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<gtate> = [Q, Q
(& Q) controlled by an asynchronous input.

If the next states of a single state whose branching is controlled by an asynchronous variable are not

unit-distance coded, there exists a finite possibility that a wrong {undefined) fransition fo a state can be
induced.

To illusirate the possible fault created by the improper state assignment to the next states of a state
whose branching is confrolled by an asynchronous input, the state assignment and resulting circuit of a
positive edge detector {Moore FSM} are used.

The signal SIG is an asynchronous input. A change of SIG before the active clock edge ( a fime larger
than the set-up time of the data flip-flop) will be detected by data flip-flop Q. But due to the delay of the
AND gate, the transition arrives at the input D, of the second data flip-flop after the active clock edge.
This delay can cause an erronecus transition to state WIO rather than state Pulss if the input change is
timed just right. This anomaly is catastrophic and one that is totally unacceptable. This is particularty
frue because of its intermittent occurrence.

The origin of the problem of wrong transition fies in the fact that the change of the asynchronous input
must be detected by more than one flip-flop and that the combinatorial delay from the asynchronous
input to the inputs of the different flip-flops are not equal.

DIGITALE SYNTHESE - FSM: Input/Output
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FSM rules to prevent wrong state fransitions

cause: synchronous inputs controlling state transitions

1. Only 1 asynchronous input can control a conditional state transition.

2. Only 1 stafe variable (=flip-flop) can change during a conditional state transition,
Present state and next state are logically adjacent (unit-distance rule).

3. Only 1 next state.
Only 1 flip-flop can change, independent of the level of the input.

4. The active level of the asynchronous signal must last at least 2 clock periods.

async  — Tasynchronous input, T, > 2.T

Go/NoGo
statement

— 1 nexf state

1 state variable changes

Wrong state transitions due fo asynchronous inputs can be prevented by the following state assignment
rules;

1. The branching conditions for any state should never be controlled by more than one asynchronous
input,

2. The next states should be given unit-distance assignments, that is only one state variable should be
affected, implying that only one flip-flop in the present state register should be scheduled fo change on
a conditional asynchronous input variable. So, the next state from a singie state whose branching is
controlled by an asynchronous input must be given unit-distance state assignments.

3. Only one next state is allowed. Avcid multi-way branches, because the change of the asynchronous
input must than be propagated to more than one flip-flop. So, there are only two transitions allowed: a
loop back transition onto the same state, and one next state with a unit-distance assignment.

4. To prevent the ‘missing’ of an asynchronous pulse, the active level must last at least 2 clock periods.

These rules result in a go/nogo statement, which is the only acceptable state diagram construction that
will not result in an anomaious transition. The FSM is designed to remain in state PS until the
asynchronous input is definitely found asserted. Then and only then will the transition fo state NS be
effected. If one edge of the clack missed the fransition of the asynchronous input, the next edge will
catch it and it then will be processed by the FSM.

DIGITALE SYNTHESE - FSM: Input/Output 10
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Synchronization flip-flop to prevent wrong state transitions

synchronization
— [SIG]
SlG Dz Q2 D1 Q1
c1k| clki
SIG
[SIG]=0
Go/NoGo SIG SIG
statements
[SIG] =1

PED = [SIG]

PED=0

The influence of the asynchronous signal SIG on the FSM is Isolated by the synchronizafion FF.

Synchronizing the asynchronous input signal with a data flip-flop automatically results in an
implementation of a go/nogo statement. Also the FSM that uses the output of the synchronized signal

[SIG] uses a go/nogo statement to handle the signal.

DIGITALE SYNTHESE - FSM: input/Output
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Go/NoGo exampie: Handshake interface based on asynchronous signals

DTR
DSR
An actior of FSM,
stimuiates RTS
an action of FSM,, CTS

request/acknowledge handshaking

To partly eliminate the potential problems related to asynchronous inputs, the handshake inferface
technique has been developed. A handshake implementation is a technique whereby some action is
taken by one party (system) that serves to stimulate some action by the other party (other system). This
second party action is fo signal the first party that the initial action was acknowledged and that the next
transmission can now proceed. This handshake concept is symbolized by a sample block diagram and
a section of a state diagram shown in the figure.

FSM, moves into a state and issues DTR and waits for the FSM, to return with DSR. The FSM, is
slaved to the F8M, and responds accordingly.

Thus the handshake is a sort of mutual agreement to synchronize, but nonetheless the two systems stil
must treat the other's input as an asynchronous inpuf. By using this scheme and by making a proper
state assignment (go/nogo statement), the erratic behavior can be avoided.

DIGITALE SYNTHESE - FSM: Input/Output
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c. Undefined State Transition (1 FF): Metastability
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Metastable is a Greek word meaning "in between.” Metastability is an undesirable output condition of a
flip-flop caused by inputs viclating the flip-flops' minimum set-up and hold times.

Metastability is seen as an oufput voltage level in the area between a logic HIGH and a logic LOW.
Although systems have been designed that did not account for metastability, its effects have taken their
toll on many of those systems.

In most digital systems, violation of the input set-up and held times of storage elements does not cceur.
These systems are designed as synchronous systems that meet or exceed their components” worst-
case specifications. Totally synchronous design is not possible for systems that impose no fixed
relationship between input signals and the local system dock. This includes systems with asynchronous
bus arbitration signal, felecommunications data, I/O interfaces like buttons or switches, and anything not
synchronized to the system clock. Asynchronous means that the signal is generated using another
clock signal. Although the external signal might be synchronous to another clock signal it is an
asynchronous event for this clock domain (clk,).

For digital systems to function properly, it is necessary to synchronize the incoming asynchronous
signals with the local system dock before using them. But, this asynchronous inputs will inevitably
cause input setup or input hold viotations of the flip-flop using this signal as input.

A simple synchronizing data flip-flop is shown. The asynchronous input (D,) comes from outside the
local system. The synchronizer operates with a system dock clk, of the focaf system. On each rising
edge of this system dock, the synchronizer attempts to capiure the state of the asynchronous input.
Most of the time, this synchronizer performs as desired,

Digital systems are supposed to function properly alt the time, however. But because there is no direct
relationship between the asynchronous input (D) and the system dock (clk,), at some point the two
signals will both be in transition at very nearly the same instant. When this input condition occurs the
synchronizer can become metastable. The output might later transition to a HIGH or a LOW, But the
synchronizer will not make a decision one way or the other in its specified clock-fo-output time,

DIGITALE SYNTHESE - FSM: Input/Output 13
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Violation of Flip-Flop Timing
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matastability is iikely to occur.

When other components in the local system sample the synchronizer's metastable output, they might
also become metastabls. A potentially worse problem can occur if fwo or more components sample the
metastabie signal and yield different results. This situation can easily corrupt data or cause a system
failure,

As system speeds increase and as more systems utilize inputs from asynchronous external sources,
metastability-induced failures become an increasingly significant portion of the total possible system
failures. So far, no known method totally efiminates the possibility of metastability. However design
techniques can be used that make its probability relatively small compared with other failure modes.

Asynchronous inputs, like buttons, switches, and anything not synchrenized to the system clock will
inevitably cause input setup ot input hold violations of the flip-flop using this signal as input..

In a flip-flop, a metastable output is undefined with a level between HIGH and LOW for an indefinite
time. This anomalous flip-flop behavior results when data inputs violaie the specified set-up and hold
times with respect to the clock.

In the case of a D-type flip-flop, the data must be stabie at the device's D input before the clock edge by
a time known as the set-up fime, Tg,,. This data must remain stable after the clock edge by a time
known as the hold time, T,,. The data signal must satisfy both the set-up and hold fimes to ensure that
the storage device {register, flip-flop) stores valid data and to ensure that the outputs present valid data
after a maximum specified clock-to-output delay T.,. This T, refers to the inferval from the clock's
rising edge to the time the data is valid on the outputs.

if the data viotates either the set-up or hold specifications, the flip-flop output might go to an anomalous
state for a time greater than T, The additional time it takes the outputs to reach a valid level can
range from a few hundred picoseconds to microseconds. The amount of additional time beyond T,
required for the outputs to reach a vaiid logic level is known as the metastable walk-out time Tyy.;. This
walk-out time, while statistically predictable, is not deterministic.

DIGITALE SYNTHESE - FSM: Input/Output 14
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The States of a Flip-Flop
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A flip-flop, like any other histable device, has two minimum-potential energy levels, separated by a
maximum-energy potential.

A typical static memory element contains two cross-coupled inverters. A logic 1 at the input of the first
inverter becomes a 0 at its output. The 0is mapped to a logic 1 at the output of the second stage, which
reinforces the value at the first inverfer's input. A similar argument holds for a 0 at the input. Once a
value (0 or 1} is inserted at the inpud, it can be held indefinitely by the circuit, This are the two stable
states of the memory slement,

A bistable system has stability at either of the two minimum-energy points. The system can also have
temporary stability, metastabity, at the energy maximum. This state can roughly be defined as ‘half set
and half reset’. If nothing pushes the system from the maximum-energy point, the system remains at
this point indefinitely.

For the two cross-coupled inverters, when a value V|, = Vpp/2 is presented at the input of the first
inverter this becomes V, at its output. The V| is mapped fo V, at the output of the second stage, which
reinforces the value at the first inverter's input. So, both outputs are at the threshold ievel. Because the
inverters act as high gain amplifiers around the metastability voltage V|, internal noise, thermal
disturbances, asymmetries will be amplified and bring the memory element back to a stable state.

Mechanical Analogy

A hill with valleys on either side is another bistable system. A ball placed on top of the hill tends to roll
toward one of the minimum-energy levels. If left undisturbed at the top, the ball can remain there for an
indeterminate amount of time. As this figure indicates, the characteristics of the fop of the hill as weli as
natural factors affect how long the ball stays there. The steepness of the hill is analogous to the
gain-bandwidth product of the flip-flop's input stage.
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Excitation of the Metastable State

Flip-Flop Input Model

clk
clk
o - H
5 Y
L
H

1 (< output glitch

I

iiniﬁalizingi metastable E resoiving
phase phase phase

{unknown amountof tme)  (back fo stable slak)

The excitation of the metastable state of a flip-flop can be explained by the simple input mode! of a flip-
flop as shown.

When the data input changes to a low value at a the rising {active edge) of the clock, there exist a finite
probability that the input nand-gate outputs a runt pulse (reduced pulse), with an amplitude depending
on the relative timing of the data and clock signals. When the amplitude of the runt pulse equals V,
(Vpf2 for CMOS), this is the threshold voltage of the cross-coupled nand-gates, then the flip-flop can
enter the metastable state. This is called the initializing phase. The @ and Ei: outputs move
simultaneously from their existing leve! to the metastable voltage V.

Once a flip-flop has entered the metastable phase, the device can stay metastabie for an indeterminate
length of time (stafistical period of fime that cannot be predicted). The probability that the flip-fiop will
stay metastable for an unusually long period of fime is zero, however, due to factors such as noise,
temperature imbalance within the chip, transistor differences, and variance in input timing. The output
remains in metastable state for an unknown amount of time. During this second phase of metastability,
for very smail deviations around the metastable voltags, V,, the flip-flop behaves like two cross-coupled
amplifier stages. The gain of the cross-coupled loop exceeds unity.

The resolving phase occurs when the outputs once again drift toward stable voltages. Moise or
imbalance is amplified in the cross-coupled loop and increases exponentiaily with time. The iength of
time the flip-flop takes to resolve cannot be exactly determined. The probability that the flip-flop will
resolve within a specific length of time, however, can be predicted. This probability depends on the
electrical parameters of the flip-flop acting as an ampiifier around the metastability voltage. However, it
cannot be predicted which logic fevel (set or reset) will emerge following exit from the metastable state.
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Metastability Test Circuit

synchronizing FF resolving FF's
asyncin [
5. -Qs faiitire counter
- — Synchronization
v failure [T
clk C : - Error
: Rate

clk

Aclk

A typical metastability test circuit is shown.

The asynchronous input is first sampled by the synchronizing flip-flop. Then two resolving flip-flops look
at he output of the synchronizing flip-fiop a time A later. The inverter amplifies the level of Q; to a stable
value. During normal operation, the exclusive-NOR on these outpufs produces a LOW level. This
indicates either that metastability has not occurred within the device or that metastability that has
occurred has resolved before the sampling instance.

if a metastable event cannot resolve before the next sampling moment, the exclusive-NOR produces a
HiGH level. In this case, the resolving fiip-flaps have interpreted the signal from the synchronization
register differently, indicating that unresolved metastability has occurred.

This test circuit does not catch all metastable events. Specifically, it does not record metastable events
that resolve before the next sampling moment. But metastability causes an error only when it has not
resolved by the time the signal is needed. The tests thus reveal the information designers need to
know: how often metastability creates an error in the system.

When the clock is common to all flip-flops (A=T,,), the test circuit also includes the ability to check the
maximum operating frequency of the flip-flop under test. At each dock eclge, the first toggle flip-flop's
output toggles, When the device reaches its maximum operating frequency, the resclving flip-flops
cannot resolve the changing signal fast encugh to produce a valid output. At this speed, one register
might resclve the signal correctly and one might not, or both might produce invalid signal resolutions. In
any case, when the exclusive-NOR of the two resolving registers results in a LOW, the system's
maximum operafing frequency is exceeded.
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Metastability Measurement Data

A
et ! A
MIBF = —— IM(MTBF}) = — — In(W.fy fia)
Wby fgata | TR . :
MTBF = Mean Time Between Failures MTBE {s) *
1wl
design parameter . 10 Year
1 -
A = resolution interval 1 Year f
T8 oot /r WhiFgata T
signal parameters 1w0e L 1 Week /
f = clock rate wsb 18y /

fyus = data rate O o /
, ) 1
device parameters )
02t 1 Minute

W=Tgu+Ty 10
= metastability interval 1 Second
0 of 02 03 04 05 (;.B f;.? UI.B (;.9 ; !‘.i 1’.2 1‘.3 1i.4 1‘.5

» A (ns)

1= set tling fime
~1 [ bandwidth

The MTBF (Mean Time Between Failures) value shows how metastability affects the refiability of a
design dealing with asynchronous signals.

The MTBF formula provides an estimate of the mean time betwsen the probable occurrence of two
successive metastable events for a synchronizing flip-flop.

A = time delay after the active clock edge for the metastability fo resolve itself, the additional time
allowed by the system for the flip-flop to settie to a stable state

f. = clocking frequency of the synchronizing flip-flop
f a1, = data frequency

W = constant representing the metastability catching window (setup time before and hold time after the
active clock edge)

= the settling time with which the speed with which the metastable condition is resolved

The MTBF equation is usually plotted with A (the resolving time allowed for metastable events) on the X
axis and the natural log of the MTBF piotted on the Y axis. Because the metastability equation is
plotted on a semi-log scale, the graph of A vs IN{MTBF) becemes a fine, with slope 1/1.
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There is no cure for metastability. What you can do is trade latency of your system for higher MTBF.
The MTBF is in an exponential way sensitive fo the resolving time A. The reliability of the
synchronization process can be increased dramatically by increasing this resolving time. This gives the
synchronizing flip-flop more time to make its decision and enter a stable state.

Nothing improves the MTBF of a metastable synchronizer better than just waiting longer. Not clocking
the intermediate signal on the negative clock edge. Not voting. Not threshold testing. Not adding noise.
Not predicting circuits. Not circuits designed to bias the otitcome fo either 1 or 0. Not clocking it twice as
fast through twice as many flip flops. Nothing.

Reducing the clock rate and the data rate of the asynchronous input resuit in a proportional decrease of
the MTBF.
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Synchronizer Circuit {Two-Stage Synchronization)
synchronization
1 0, Q
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cik cli
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et i |
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% i ............ : : :v Crom— 8 :
% =
A "
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An accepted solution to handle asynchronous input signals is the concatenation of an additional flip-flop
after the first synchronizing flip-flop. (The output of the first synchronization register is connected to the
input of the second synchronization register.) This added flip-flop does not totally remove the problem
but does improve reliability. This solution is still in wide use foday.

Recovery from metastability is probabilistic. In the improved synchronizer, the first flip-flop's cutput
might stili be in a metastable state at the end of the sample clock pericd. Because the flip-flops are
sequential, the probability of propagaifing a metastable condition from the second flip-flop stage is the
square of the probability of the first flip-flop remaining metastable for its sample clock period {product of
probabilities: both flip-flops must become metastable). This type of synchronizer does have the
drawback of adding one clock cycle of latency, which might be unacceptable in some systems.

When implementing a two-stage synchronizer, the probability that a synchronizer is metastable after the
second stage of synchronization is the square of the probability that a synchronizer is metastable after
the first stage of synchronization.

i must be remembered that because metastability is a statistical phenomenon and is unpredictable, no
synchronizer ‘fix-it' scheme can be devised that will eliminate entirely the possible occurrence of the
metastable state. All that can be done is to reduce the probability for metastability occurrence to
acceptable levels for a given application,

Evaluation;
« Synchronizer circuits add delay (latency).
+ Synchranizer circuits are not perfect guarantees,
~ With MTBF calculations the fime between synchronization failures can be determined,
+ When a signal comes on-chip, synchronize it once and then fan signal out as required,
~ Do not fan out and then synchronize at multiple places.
- Variations in timing can create different results.
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MTBF (s)

e
10 Year

108 |-
1 Year

W

0P 1 1 Week

o] 10 KT, = 1000 MHz

| 1 Hour
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When implementing a two-stage synchronizer, the probability that a synchronizer is metastabie after the
second stage of synchronization is the square of the probability that & synchronizer is metastable after
the first stage of synchronization.
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Maximum Freguency Test Circuit

toggle FF resolving FF's
Ts O failure couniar
T~ [aillirg [T Toggle
el o Error
" e Rate
clk
clk clk

A typical maximum frequency test circuit is shown. itis similar to the metastability test circuit,

When the clock is common to all flip-flops (A=T,). the test circuit also inciudes the ability to check the
maximurm operating frequency of the flip-flop under test. At each dock edge, the first toggle flip-flop's
output toggles. When the device reaches its maximum operating frequency, the resolving fiip-flops
cannot resolve the changing signal fast enough fo produce a valid output. At this speed, one register
might resolve the signal correctly and one might not, or both might produce invalid signal resolutions. In
any case, when the exclusive-NOR of the two resolving registers resuits in a LOW, the system's
maximum operating frequency is exceaded
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2. FSM Output Conditioning

2.1 Output Glitches
glitch {spike) = uncontrolled and unwanted transient on an output signal E
+ glitch N
I ] edge sensitive
S
—r T leve/ sensitive
— glifch
—U— —qCE. .. | levelsensitive
—{Address

A glitch on an FSM output can resulf in unwanted transitions in the controlled system.

A'glitch’ on an FSM oufput is an unwanted 'spike’ or transient that drives asynchronous control signals
of the controlled system: it clocks or resets a flip-flop, or enables during a short time an IC, for instance
a memory chip, and results in unwanted actions in the system that is controlled by the FSM.

In this cases it is important that the FSM is designed fo issue signals free of glitches.
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2.2 Combinatorial Outputs

a. Multi-bit Flashing (Race Condition)

CE
clk
! Q,Q,Q,Q,
ok —3, . 1110
i IR multi-bit flashing
Q(]:Q1!Q2 E i:“ 0 U 0 1
% : Lot Race condition:
; :"—d" static The change in two or more stde variables
TC P ] | oh for any siate transition can result in an
— i -hazard . \ .
i an output glitch due tothe difference in delay

from the state variables to the output,

A glitch can occur as a result of two or more state variabie changes during a state-to-state {ransition
(multi-bit flashing). But no iwo actions happen simultaneously as nofed by an extension of the
Heisenberg Uncertainty Principle, which says that even though a bank of flip-flops are all triggered from
the same clock, they will not all change state simultanecusly but in fact will change one by one. One
might have o measure the time interval between these changes in ever-increasing smaller increments,
as set forth by the Heisenberg Uncertainty Principle, but rest assured that no two actions happen

exactly in coincidence,

Even if the state variables should change simultaneously, the difference in the combinaiorial
propagation path to the output can result in output glitches. This is illustrated for a binary counter with a
serial carry. The change of the most significant bit will be seen first on the TC output, because it has the

smallest delay.

Thus decoeding the present state variables (outputs of flip-flops) using a combinational decoder can
cause fransient outputs uniess the decoder is specifically designed to suppress the glitch. One glitch
suppression method disables the complete output decoder just prior o a state change and maintains
this disabled condition for some prescribed period of time after the state change, allowing the transient
condifions to seftle out, This is typically used in address decoders, that use a sirobe signal that

indicates after a change of the address bits when they are valid.
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b. Single-bit Flashing

134,
- e B T
24
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i H td ]
i ! "
a ; Tt The change of a single state variable
E ‘.L., stafic can result in an output glich when

L 1-hazard the change propagates to the output
on two different paths with different delays.

Even if only one state variable changes, a glitch can occur on the output as a result of two or more
paths from that variable to the output with different delays.

This is illusirated for a multiplexer. The two data inputs i, and i, are given a high level {1). Changing the
selection input s from 1 to 0, should not change the cutput f. This changes is propagated to the output
along two paths with a different combinatorial delay. This results in a static-1-hazard. This is a glitch
that oceurs in an otherwise steady-state 1 output signai.

More generally, a combinatorial circuit has a static-1-hazard, if there are two product terms (AND gates)
that differ in only one variable, but are not covered by a common product term in & sum-of-products
(SOP} implementation. This variable has two asymmelric paths to the output.

This hazard can be eliminated by including an additional prime implicant (minterm) in the SOP form.
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a FSM
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3

2.2 Registered Outputs: Glitch Free

output
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ULl

Q
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B e el s Tt

glitch-free output

As indicated in the figure, data flip-flops {output holding register) efiminate the glitch by loading and
holding (sampling) the outputs of the output decoder after each active clock edge. Further, by making
use of the holding capability of the data flip-flops, those cufputs that must remain asserted for multiple
consecutive states alsc remain glitch-free. The timing diagram iliustrates the typical timing
considerations related to the use of an output holding register. An extra delay is introduced.
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3. FSM Input/Output Conditioning
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The interfacing of an FSM with the external world {inputs and outputs) must be considered carefully.
Additional registers can solve or mitigate several interfacing problems.

iNPUTS:
. asynchronous inputs with ievels that last longer than one clock period (I, )

—» a synchronizer {cascade of 2 data flip-flops) reduces the probability of metasiability
. asynchronous inputs with pulses shorter than one clock period (1)

— a pulse catching cell fransforms a pulse into a level that can be synchronized to the system clock
with a synchronizer

QUTPUTS:
. outputs driving asynchronous (edge or level sensitive) inputs
- an output holding register makes the output glitch-free
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1. Maximum Clock Rate for a Synchronous Design

1.1 Critical Path
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1.2 Maximum Clock Rate

Q1 _:—] td-CP tSU i' I_
D, ¢ i
Q, ' ' . :
i Tt ;
tecr > top . ey
; 1 j o 3
Toifothertla | S ity T

1.3 Timing Definitions

latency
. The delay from when an input is applied
T, =oTg =tep ! untif the output associated with that input becomes available.
o [seccnds] o [clock cycles]

throughput
fof = 1 The rate at which inputs are processed to create oufputs.
T fek ™ t,cr ; {operators/second)]
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2. Pipelining
1.1 Pipelining — Optimal Case Jatency

T = Top = tacp §

throughput

1
=ty = E

i pipelining

latency

T =20 = tacp ;

o T throughput

fr = foon = 28, =

2 pipeiine stages

Tclk > 1:cl_(.‘.P"2 + tCO + tSU
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, 1
latency T =T, =typ=Ity throughput  f; = fy = T

1.2 Pipelining — General Case

pclk
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Pipelining Results
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Latency in cycles increases (x n)
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1
PR maxty) |

|
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i

Critical paths reduced.
Clock frequency increases.
Throughput increases.

Area increases: more flip-flops required.
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Re-Timing Results
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3. Multi-Cycle
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Interleavi ng two-way interleaving

clk=mclk/2
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EFIFIETEE]

[T control FSMY .}

fatency T, =Ty Sty =3t g;

Te= T oS T

1 1 3 1 !
clock f=f,= — = ! x3 f.=3f,=— =
T e 3 3 w—— sc_lk  tur tad z
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throughput _ijﬂ_: ok | =l Ll s‘fc_u( ’2
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More problems can arise:

— Pipelining data hazards cccur when a computation
depends on the resull of a previous computation

stiill in the pipeline.

- Pipelining control hazards occur when a computation
in the pipeline changes the selection of inputs to

the design.

Carry ketting!
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1. Pipelined Carry

1.1 Free-Running Counter
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2-Stage Pipeline
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3-Stage Pipeline

predict
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predict
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1.2 Binary Counter with Count Enable
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predict
cany

3-Stage Pipeline

2. Prescaler Technique (Multi-Cycle)
2.1 Counter Module (Serial and Parallel Count Enable)

CECQ

CEP = Count Enable Parallel

CES = Count Enable Serial CEQ = Count Enable Out

DIGITALE SYNTHESE

- High Speed Counters
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paralle! (f,/N)

2.2 Binary Counter with Prescaler

| serla

s[5

0,010,

CEO,

=CEP,, ~t7

0,00, ~

CEO,

QsQ;rQa

CEO,

Lt

=

i H H H
seriah R

2.3 Counter Module (Count Enable & Parallel Enable Clock)

CEP

CES _“_1213——‘ | '

CEQ

ECP = Enable Clock Paraliel
CEP = Count Enable Parallel
CES = Count Enable Serial

CEO = Count Enable Cut

DIGITALE SYNTHESE - High Speed Counters
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2.4 Binary Counter with Prescaler and Enable Clock

prescaler

paraiel (f,/N}

l

- CEP

-
bt

it serial [ag
b

cki | 1 |

serial

paraliel {f,/N)

DIGITALE SYNTHESE - High Speed Counters 6
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3
H
E
g

F]

D

Enbadded Syslem.Design ﬁ”[‘,‘

(alof
¥
% &
Sangve

ir. J. Meel
march 2006

‘DE NAYER INSTITUUT

SINT-KATELIJNE-WAVER

I3
i

ALU function select

pcode {

LOGIC {inv, and, nand, or, nor, xor, xnor, ...}

1. ALU = Arithmetic Logic Unit

ARITHMETIC (complement, increment, decrement,

add, subtract, ...}
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2.1 Bit-Slice

FJI .FZ F1 FO

R=A®B

2. Logic Function Unit (Multiplexer)

A 11100
B 110118
peode B F|F B function
¥ flay00;ze0
881087 Aj+By=nor
Tz [oleli]oing
gopalol] 1y A=inviag
4 |0 00 AB
§ o 911 | B =mv(B)
§ |01 01 A®B=xor
Foia iyt ABi=nard
8 Tloje|dr AB=and
L] POy a ) A®B =
i {i|a] 108
1Tl ai| 1] A+
12 111 00N
15 {30101 A+B
4 it 1| 0] A+BEor
1§ 11111 one

R

bit-wise logic

2.2 n-bit Logic Function Unit
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3. Arithmetic Function Unit (Adder)
3.1 Full Adder (Bit-Slice)

Cor=AB+(A®B)C | w Cu=G+PC |

S, = ABB@C - S5.=POC |

kg

D0 02|

Cieq

Y K=AB =il

P, = A®B, = propagate

wla|o|le|r
~lel-lc|m

=D a

I G,=AB, =generate

3.2 n-bit Ripple Carry Adder

cn+1I

bit-wise iogic

DIGITALE SYNTHESE - Arithmetic Functions: ALU
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Cn+1I

bit-wise logic

4. Arithmetic Logic Unit (Generalized Adder)
4.1 Generalized Full Adder (Bit-Slice)

Ry R, R R,

0 1 1 0
Lcade = 6 = xor
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4.2 n-bit Arithmetic Logic Unit

OPERATION

LOGIC

R,=f(A,B)

4.3 n-bit Arithmetic Logic Unit - Operations

e Y
T T

G, G, G, G, Py P, P, P, C;=C,

R, R, Ry R,

] B E

G=x . P =f(A,B)

ARITHMETIC
R=A+B,

G,= AB; P= ADB, 0 or flag

R;= P@C,
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OPERATION

R=A+B |

Oorfag  R=PEG |

R=A+1] o G,=0

1 . R=PeC

R=-A=R+1 o7 G=0

A

|

1 Ri=P&C;

R=A-B=A+B+1c=t  G=AB

1 R,= P&C,

R=B-A=A+B+1 | ot 6=AB,

1 R:=P&C,

. :oB=1 2C= -
R=A=11 coo t00+1=11 G=A

0 . R=P&C

4. Arithmetic Logic Unit (Multiplexed)

+-/2C
inc/dec

Arithmetic/Logic
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151 DE NAYER INSTITUUT

SINT-KATELIJNE-WAVER

r———]

ir. J. Meel
march 2007

-
e
SOC14
5500,
A
"anats

&

E;nﬁeddeSsterﬁSesn
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sign  magnitude
oy e

a=ay4a; ... 8 3

n-bit

1's Complement format

+s=0101, M0 430011

+6=0110 4" "et2:0010

T=0111¢ Kr=01 | KWo=00 ‘#1=0001

7+1000+ % +4=0000

610018 kw210 | Kwa=t1 j0=1111
5010% ) AA=1110
B i S L1

31100

21000 b

1. Negative Integers

Sigh-Magnitude format

+5=0101,
+6=0110 »

+7=0111 !.-"’ KWwi=01

A=H001%, Kwz=10
251010

+=0100

350011
220010

KWo=00 =001

s 400000

KWi=11 A7=1111

3011

-4=11

0

81000 4

2's Complement format

+4=0100

+50101,.
+620110 4

+7=0111___,"’: KWi=01 -

.o +3<0011
4220010

KWo=00 \‘._+1=0001

u7=1001=‘.\_: KWw2=10
-B=101 [)'l

524011
B

» £0=0000

KW3=11 __."-1=1 111
_A=10

oo

in mathematics, there are infinitely many positive and negative integers. However, in a practical
hardware system only a fixed number of integers can be represented, based on the number of bits

allocated to the representation.

As shown, 4-bit binary quantities can represent 16 unique binary numbers, An overfiow occurs when an
arithmetic operation results in a number outside the range of those that can be represented. Roughly
haif of these will represent positive numbers and zero, while the remainder will be negative numbers.
Each of the three representation schemes {sign-magnitude, ones complement, twos complement)

handles negative numbers slightly differently.
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1.1 Sign-Magnitude
sign  magnitude
+4=0100 o a
+5=0101, g #3=0011 a=a,4 85 8 ] (number)
+6=011U}.—"" 4220010 R :
7201114 *#1=0001 ' 2
[a]l = sign(a) . > a2 (vaiug)
0=1000 4 — +0=0000 SN A
A=1001" Az
1=, a, = [a]=+0 ... 2°1-1
251010 m8=1110 {range)
A= b 521101 =1 a]=-0... —2"+1
30T s T n-1 [a]
a [a]
calculation of $-M complement 00000 | +0
0100t +3
01111 | #1&
qoboo; -0
&, —| >o— ooty -8
ot ERERIRRE
a=+=0110,
&9 . smC{a) 2= 6= 1110
- 2 - negative numbers have a 1 in the MSB (sign bit)
a— - two representatiens for 0
- symmetric: # positive numbers = # negative numbers
- subtraction; comparator and subtractor

In sign-magnitude systems, the most significant bit (a,_,) represents the number's sign, while the
remaining bits represent its absolute value as an unsigned binary magnitude. If the sign bita__,is a0,
the number is positive. If the sign bita, _; is a 1, the number is negative.

Number wheel

A 4-bit sign-magnitude number system is represented on a number wheel. The figure shows the binary
numbers and their decimal integer equivalents, assuming that the numbers are interpreted as sign and
magnitude. The largest positive number that can be represent in three data bits is +7 = 23- 1. By a
similar calculation, the smallest negative number is -7. There is an equal number of positive and

negative numbers (symmetric).
Zero has two different representations, even though +0 and -0 don't make much sense mathematically.

Calculation of the sign-magnitude complerment

Negation of a number is done simply by replacing the sign bit with its complement. The magnitude
value stays unchanged.

DIGITALE SYNTHESE - Arithmetic Functions: MAC 3
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a__ a i 1.2 Ones Complement
[ ata=2-1
2n-1 sign
=0100 o 4
+5=0101_..,.tﬁ-'-ug~--‘L-.,.k._._+\3=0011 aza,_qa,.,.. 8 a[,; (number)
=010, g ¥2:0010
s=0111d A1 =001 P
[ SV / [a] = = &, 1.(271=1) + 322" | (valte)
T=1000 ¢ a<§a1 » +0=0000 o =0 g
i il i bl
: -
6=1001%, =110 bias for a<0
Y n et B a,,=0 [a]=+0 ... 2011
B=1010%. =110 (range)
4=1011" et 0T A =1 [a]= -0 ... -271+1
a {a]
calculation of 1's complement [ +0
‘ ooty __*9
201 a=-+6=0110, 0111 +15
£ 10000 | -15+0=-15
a é F=M-q-g: a=1-6=9 11007] 16+9= -6
- = 1001, 11113 |16+ 15 = -0
- negative numbers have a 1 in the MSB (sign bit)
: a=+6=0110, - twe representations for 0
a —[>O—> a 3= -6 = 1001, : symmetlric: # positjve numbers_,‘= # negalive numbers
o - subtraction; negation and addition

A ones complement approach represents the positive numbers just as in the sign-magnitude
representation. The only difference is in how it represents negative numbers.

Number wheel

The number wheel representation of the 4-bit ones complement number system is shown. All negative
numbers have a 1 in their sign bit, making it easy fo distinguish between positive and negative
numbers.

There are still two different representations of zero.

Calculation of the ones complement

The first procedure to derive a negative ones complement integer, denoted &, from a positive integer,
denoted a. If the word length is r bits {n = 4 in the case shown), then & = (2" - 1} - a. For example, in a
4-bit system, a=+7 is represented as 0111. The cnes complement &=-7 can be computed as:

=24 10000
subtract 1 - 0001

1111
subtract 7 -0111

1000 representation of -7

This rather complicated method is just one way to compute the negafive of a ones complement number.
A simpler method forms the ones complement by taking the number's bitwise complement (bitwise
inversion). Thus, +7 = 0111 and -7 = 1000, +4 = 0100 and -4 = 1011, and so on.

DIGITALE SYNTHESE - Arithmetic Functions: MAC 4
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. 1.3 Twos Complement

2n sign
—_——
+5=a§GJ,_fff-o;lgq‘__t3=0011 a=a,q8,,.. 8 a0§ {number)
+6=0110 T #2=0010 :
120114 1 =000t _ oz
T o TG I [al=-a, 2+ Fa2 - (value)
410004 e +0-0000 SR
7-1001% Ry bias for a<0
\ ': ,r’/ - — n-1—
6=1010%, _ ,,+1 2=1110 -1 =0 [8j= 0. 271 (range)
-5=1011 _4;1500" -3=1101 a, =1 [a]=-1... -2
a {a]
calculation of 2’s complement 061000 +o
0G0 + 5
on a=+6=0110, 0it11 *15
+ 10000 | <16+ 0 = 16
é = - 2C{a)=16-6=10 11001} 4B +G= -7
4 — Wfa)=2'-a ( =1010, 11114 {16 + 16 = -1
+ a=+5=0110, - negative numbers have a 1 in the MSB (sign bit)
5 a=1001, - only ene representation for 0
a 2C(a) 2C{a) =4 +1 - asymmetric: one extra negative number -2
: = 1010, - subtraction: negation and addition

A twos complement approach represents the positive numbers just as in the sign-magnitude
representation. The only difference is in how it represents negative numbers.

Number wheel

The twos complement scheme is similar to ones complement. The twos complement numbers can be
derived from the ones complement representation by shifting the negative numbers one position in the
clockwise direction. By this operation there is only one representation for zero.

This cperation also results in one extra negative number that can now be represented: -27-1{-8 in the
4-bit case). This makes the twos complement representation asymmaetric.

The negative numbers still have a 1 in their highest-order bit, the sign bit.

Calculation of the twos complement

A twos complement negative number, denoted 2C(a) is derived from its positive number a, by the
equation 2C(a) = 27 - a, where n is the number of bits in the representation. This equation omits the
ones complement step that subtracts 1 from 20,

For example the twos compiement of +7, can be calculated as:

2n=4 10000
subtract 7 - 0111
1001  representation of -7

The same shortcut used to find ones complement numbers also applies for the twos complement
system, but with a fwist. The number wheel suggests the scheme. Simply form the bitwise complement
of the number and then add one fo form its twos complement.

For example, +7 = 0111,, its bitwise complement is 1000,. plus 1 is 1001,. This is the same twos
complement representation of -7 as derived by the last calculation.

For the number -4, represented as 1100,, its bitwise complement is 0011,, plus 1 is 0100,, This is
exacfly the twos complement representation of +4,

A third method two calculate the twos complement. Leave all least significant 0's and the first 1
unchanged, then bit-wise complement the remaining bits.

DIGITALE SYNTHESE - Arithmetic Functions: MAC
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sign magnitude
——

woeight on-1 on-2 ot g0 9192 9-F ol
a m/an__,‘ 8, 0..-8y8;.8 89 ... a_m a_[\ <y f>

n = integer fength | f=fraction fength
binary point

MSB” *

w = word length

1’s Complement format

1250101, +.00501.00 H.7500.11

+1.50=01, 10 rd qo 50=00,10
HT5=01 Kwa=01 | KWO=00 +0.2500.01

A.75=10.00 + v +0.00=00.00

501001 KW2=10 | Kws=11 0.00=11.1
1.25= 1010' 02551140

+1.00= ‘!011 075 1100 *.0.5011,01

-0.00=10.00 ¢ 3‘: -% +0.06=00.00

2. Fixed-Point

Sign-Magnitude format

+1.25=01 01+1 o0 01 00 0 75=00.11

+150=01.10 " " #0.50=00,10
N\
+H75=01114  Kwi=01 KWo=00 ¢+0.25=00.01

025-1001' KW2=10 | Kwg=11 PA75=11.11

+0.50=10. 10' ".-'! A0=11.10

0.75=10.1 125‘11 1
01100 1100 9

250101, SHT5=00.11
#1.80501.10 "0 #0,50=00,10
s ™,
+H75=01.114  Kvi=01 Ko=00 «#0.25=00.01
-2.00=10.00 4 - +0.00=00.00
ATS=1001% KW2=10 | Kid=t1 0.2511.11
1.50=10,10°%. L *050=11.40
1 2 1 ......
5=10.47" 100 1100 75101

2’s Complement format
+1.00=01.00

A binary number comes with a binary point. By moving the implicit “binary” point af the right of an

integer number, fractions can be represented too.

The portion to the left represents an integer and the portion fo the right represents fractions less than
one, In fixed-point notation, the binary point is constrained to lie at a fixed position in the bit pattern, as

shown.

The first bit fo the left is called the sign bit. The precision of the number system is defined as the
increment between two consecutive numbers and is determined by the value of the ieast significant bit

(LSB).

Within the subclass of fixed-point representations, there are tree commonly used methods to represent
binary numbers: sign-magnitude, one’s complement and two's complement representation. They differ

in the way they handle negative numbers.
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2.1 Sign-Magnitude
sign magnitude
+1.00=01.00 - ;
#1,25501.01, =g _+0.75200.11 a=a,,8,,.. 8y.8..8; (number
#1.50=01.10 "0 40.50=00,10 :
7520141, “#0.25200.01 , 2
[a] = sign(a) . 33,2 : {valug)
0.00=10.00 4  +0.00=00.00 , LS
025:10.01% Fa75:11.11
/ s a4 =0 [a]=+0.. 2m-2f
-0.50=10.10. _ T1.50=11.10 (range)
075104177 -4 25=11,01 an_q =1 al==0, -201+2
073101 4 p0=11.00 - tal
. a fa]
calcuiation of S-M complement o Y G
01004 1 + 1125
01111 +1.875
10,0061 - 0.000
an_1—_[>o——> 11.001] -1.4%6
: a=-+1,50=01.10, 11411 1875

g SMC(8)

Yh——

4=-150= 11,10,

0

- negafive numbers have a 1 in the MSB (sign bit}
- fwo representations for
- symmetric; # positive numbers = # nagative numbers
- Subtracticn: comparator and subfractor

In the sign-magnitude representation, the most significant kit (a,_;) represents the number's sign, while
the remaining bits represent its absolute value as an unsigned binary magnitude. If the sign bita,_, is a
0, the number is positive. If the sign bita_, is a 1, the number is negative.
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i

1.50=1001%

T R0.00211.11=00.24
., —Do— Vi
+1,25210.10%. | 025=11.10
4.00=10.41% -4 5 50=11.01

DE NAYER instituut
a_ a ... 2.20nes Complement
o ava=2
on - o-f sign
0=01.00 - s
+1,25201 01”0 750011 8= Ay 8y Bp. By By | (number)
+1.50=01.10 4#0.50=00.10 s
17501414 1 0.25200.01 |
' i " /\\ / [a]l = - a,_4.(21-2) + Za 2 3 {valug)
4.75=10.00 4 ¥ »% +0.0000.00 .

075 11 00

calculation of 1's complement

o0 ? a=+1.50=01.10,

~—é—)——> g=2-2f-a

3 a=375-150=225
= 10.01,

a=+150=01.10,

b Do— 2 | a=-150= 1001,

bias for a<0

a,.,=0 al = an-1-2-
n~1 [ ] (range)
a, =1 [a] = ~0 ... —2r 142
a {a]

GO,000 + 83,000

o1 aﬁi, o 1. l;:b

1t | eing

10.000 187540 = -1.875

11.001 | -1.875+ 1.125 = -0.750

11411 [ -1.875+ 1.875 = -0.000

- negative numbers have a 1 in the MSB (sign bit)

- two representations for 0

- symmetric: # posifive numbers = # negativa numbers
- subtraction: negaticn and addition

The ones complement representation is identical to the sign-magnitude representation for positive
numbers. The only difference is in how it represents negative numbers. A negative number is formed by
complementing its corresponding positive number representation,

Note that zero is now represented by 00...0.0...00 or 11...1.1...11, which is an undesired ambiguity.
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a 2sC(a
a+2sCfa)=2"
2n

+1.00=01.00
+1.50=01.10

/
17501115

#1.26=01.01, =g~ #0.75=00.11
g+0.50=00.10

2.3 Twos Complement

#0,25=00.01

200=10.00 +
% N

A7510.01%,
-1.50=10.10%.,

4.00211.00

26(8)/”] \\a i

{1 Fozs=iin
{01140
4.25210.41 ¥, 75:11,01

» 40.00=00.00

2!1

a ?89_‘ 2C@E=20-a

+2f
a —Doi-éﬂ 2C(a)

calculation of 2’s complement

a=+150= 0110,

2C{a)=4-1.50=2.50
= 10,10,

a=+150= 01,10,
a= 1001,

20(a)=a+001
= 10.10,

sign
e ;
a=a,_,a.,... 8.8, .3, ; (number)
- -1, "2 L g
la]==-a,,2 +I_Z£ai2 g {value)
[ — 8
bias for a<0
a,,=0 [a]= 0., 2¢1-2f
(range)
a,4=1 [a]=-271.. -2
a IEY|
[D0.GGC | L 2D,00g
01.001 +4.425
01111 + 1,875
10,000 -2+ 0=-2000
11.001 | -2+ 1.125 = - 0.875
1111 [-2+ 1875 = - 0125

- negafive numbers have a 1 in the MSB (sign bit)
- only one representation for 0

- asymmatric: one extra negative numbper —2¢~1

- sublraction: negation and addition

In the twos complement representation a positive numbers is identical as in the sign-magnitude
representation and ones complement representation. The only difference is in how it represents
negative numbers. The negative number is obtained by subtracting the corresponding positive number

from 2°.

If a two's-complement representation is used for signed fixed-point numbers, the same binary addition
procedure will work for adding both signed and unsigned numbers.
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a__25C(a Q-format
a+t2sCla)=2
sign magnitude
: —
+u.625=0.1qufﬁggﬁi???go.375=0.011 of A5 g a8y, B dg E (number)
+0.750=0.110 ¢ "y #0.250=0.010 :
87501114 <11 N0.42520.001 a %
{ 26) o [al=-a, + 3 a2 [ (value)
-1.00=1.000 ¢  +0,00=0.000 b=t ;
T <)
08751001, i | O bias for a
S h F = - —o~f
.750=1.010", {150, 250=1.110 % =0 = 0. 12 {range)
_ ot B 124 - _ 9
0625101172 L0.375=1.101 =1 ja]= -2 .. -1
w 1 f 1
, f a;=a aj=21-2f ., -2
calculation of 2's complement - fel
9 _ a=+0.75=0.110, . -
*é - - 00000 + 0000
a 20(8) = 2 - a 20(3) : 2_ 075 - 125 0_10{}7‘}77 T +{)"SE}?5
S . =1.010, 0,191t +0.9375
1,0000 -1+ 0=-1,000
al =+3.75 =0, 1.1001 | -1 + 0.5625 = - 0.4375 |
' +2 ? 3515 0.1, 10111 |1 +0.8375 = 00625 Q4
3 % . i oa= 1001,
a 20(@) | pe(a)=a+0001 , ‘
i e g =101 02 asymmetnc: one exira negatwe number=1

The Q-format is a special case of the iwos complement fixed-point representation. it is a pure fractional

representation.

Qf-format is a popular format in DSP. The most significant bit is the sign bit followed by an imaginary
binary poirt, followed by f bits of fraction, The Qf number has a range between -1 and 1 - 27,

For example, the Q15 format contains 16 bit: 1 sign bit and 15 fraction bits.
0111111 811111191 =1 - 2715=0.99996348242188
0.100000000000000 = 0.5
1.000000000000000 =—1

A negative number is obtained by subtracting its positive number from 2, hence the name 2's

complement.
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complement add/subtract
C, {
2C(a) % Ca | Cn | func
a 0101 ath | separate complement
b s oftLab & adder/subtractor
110 {-a+h
1]111}-ab
Cy1
| Cy | func
Glo]awb . .
5T T ab fnput carry used as increment
110 [-ath
17 [
Ga
1C(a}
a_—D ‘E: ‘;“ Z’:’; not implemented:
b 0[1]ab = o
:}} 1C(h) T b a-b = - (a+h) — 2C(a+h)
Co ones complement

Complementing a twos complement number requires the negating of each bit (EXOR) and adding an
LSB. When only one of the numbers {a or b} must be complemented, this addition of an LSB can be
implemented as setting the input carry of the final addition to 1", This results in hardware savings.
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2.4 Overflow (2’s C)

handiing values that lie out of the dynamic range of an (n+1)-bit fixed-point number

— discards ‘upper’bits

a @pql@n - |8 a8y bbbyl 1B [bg] . by

s=O[a+b] Sp-1Sn-z| - | So | S| |8y

e = O[at+b] — (a+b) = overflow error

Overflow occurs when the number of bits required to represent a number exceed the number of bits
available. So, an overflow occurs when the value of a sighal exceeds the dynamic range available. The
dynamic range is the range of numbers which can be represented within the arithmetic used. in twos
complement fixed-point arithmetic, this range is given by:

[mir, max] =] - 21, 2n-1 2]
Obviously, overflow errors are bad because they introduce big errors.

Overflow ocours whenever the sum of two positive numbers yields a negative result or when two
negative numbers are summed and the result is positive,

Remark:

Scaling is the process of readjusting some internal gain parameters to avoid overflows. For a fixed total
number of bits, there is a trade-off between decreasing the probability of overflow and increasing the
relative quantisation error. Therefore, scaling is usually applied only to minimize the probability of
overflow o a reasonable extent and not to preclude it entirely. When an overflow occurs, ihe resulting
distortion is minimized by using overflow arithmetic,
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same sign
overflow! " " overflow!
C,#C et A AN C,#C
e =1 o ) -\'?2 +6,’\" "'5"-_*'2 \n =1
0o .+7!,;"": \\/\K\%ﬂa .+1 +7__;.’/ ZC(‘I;)‘;,—A \"‘.:A 1000
6 0110 - 1010
8¢ - v ) 5 ; v 40 _
40100 \ ! \\ H-4) 41100
a0 /m 74 20} p TN g M -10 >§M
sign inverted 5 . .,.,-"”"'2 . | e 2 sign inverted
5 4: -3 . 5 4 -3
different sign
Py W s P v 2 Py
6 1;?(1)0 A Ay d R 0?3(1)0
-4 100 8 .?\20(*’)‘ I a it ~+0 X4 i
+2 X0010 _ 2C(a}=~§<\)/\ -2 1110
T s AN i N
- 2 & BB
§ e $

The number wheel can be used to illustrate overfiow. Think of addition as moving clockwise arcund the
number wheel. Subtraction moves counter clockwise. Using the twos complement number
representation, the number wheel can be divided into two halves, one representing positive numbers
{and zero), the other representing the negative numbers. Whenever addition or subtraction crosses the
positive/negative line, an overflow has occurred.

This concept is iflustrated in the figure, with the two example calculations 6 + 4 and -6 + (-4).

For the sum 6 + 4, start on the number wheel with the representation for +6, advance for numbers in the
ciockwise direction. This yields -6; an overflow has occurred.

Similarly for subtracion. For the sum -6 + (-4), start with the representation for -6, move for numbers
in the counter clockwise direction, obtaining the representation for +6. Once again, an overflow has
occurred,

in general, overflow occurs when the carry-in and carry-out of the sign bit are different,
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Overfiow Detection

! +- = sign =0 (+ overflow) / 1 (- underflow)

overflow if
sign of result {s,-,) # sign of operands (g,.4 = b,

overflow = a,.0,.8,- + F1.Dmg8p4

overflow=c¢, _, P,

overflow no overflow
overflow  underflow overflow for negation!
C, Cn_1§ 01 {11 % Og 11 =2{ 1000 C,= C,,_1
a0 1 Lo

tbhy o *0 x1 % +0 a1 ¥ i
____g[_;i 1 0 E 0 1 M — 2111

sign result sign resuit M

# sign operands = sign operands i

An overflow can be detected in two ways.

First, an overflow has occurred whenever the signs of the operands are the same and the sign of the
sum does not agree with the signs of the operands. In an n-bit adder, overflow can be defined as:

overflow=a,_; . By 1 Spq * Bpq - Doq - Suyq
So, overflows occurs if the two operands are positive and the sum is negafive, or if the two operands
are negative and the sum is positive.

Secondly, if the carry-out of the high-order numeric (magnitude) position of the sum and the carry-out of
the sign position of the sum agree, the sum is satisfactory; if they disagree, an overflow has occurred:

overflow =¢,_, P ¢,
A parallei adder adds the two operands, including the sign bits. An overflow from the magnitude part wil
tend to change the sign of the sum.
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Intermediate Overflow (Wrap-Around)

6

+3
-7
+7

cn = 9n-1

1F
111
0116
+0101
+0011
+1001

K011

6
]
+11
+3
+14
-7

+7

s
o |
“at2 0110
\"=-q+1 0100
Ew 0010 |
0000
__;"7 ito |
2 1100 |
1010
1000
C.#Cy
Wi
0100
0110
+0101
W01 e infermediate
+0011 overflow
0110
+1001
0111 e correct
et FOSUM

+ wrap-around

module 2°

Any chain of arithmetic operaticns

whose final result is in the representable range
can be calcutated correcily

even if infermediate overflow occurred.

A positive wrap-around is cancelled by

a negative wrap-around.

Two's complement wrap-around introduces large errors, but it has the advantage ihat if the sum of

several numbers is within the dynamic range [min, max], the final result will be correct, even if

intermediate sums overflow!
However, wrap-around overflow leaves IR systems susceptible to zero-input large-scale fimif cycles.
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Overflow Management

wrap-around saturation zeroing

Sa 5 54

21:-1_2—; 2;1*1.424 2n-1_2-l
_a a+h ath

e 3 S \/ o I ' Fa

s-{ast); LR e, ' )

— BT O R A . b

o . } S . '.symmetr;‘d R ST \ et
A I 2 \ o
~on-4 \

- 3 -2“

5, ath ) s ath 5,ath

N N

N AN

y—

+overflow - ovetflow

In twos compiement fixed-point arithmetic, the dynamic range is given by
[min, max] = [ - 2+, 201 =201

Saturation {or clipping)

When the result of an arithmetic operation exceeds the range of the destination type, saturation
chooses the nearest representable value {as opposed to a nonsense wrap-around value cbtained by
dropping upper hits).

The overflow result is substituted by the valies min or max, according to its sign.

Two's complement wrap-around introduce more error than saiuration, but is easier in ferms of
hardware.
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Overflow Management Impiementation
+-
cn-
Sy
Y
SIn-z-' 59
Sy
Cn # Cn—z Qn # Cn~1 Qn # _Cn-1
bW 4 Wi
0100 1000 1000
6 0110 -6 1010 -6 1010
40100 H-4)  +1100 “(-4)  +1100
+0 1010 -10 X010 -10 >K011G
1 il
+7 o111 -8 1000 -7 1001  symmetric

saturation

symmetric

An overflow has occurred if the carry-out of the high-order numeric (magnitude) position of the sum and

the carry-out of the sign position of the sum disagree ;
overflow=¢,_; ® ¢,
The resulting sum is not safisfactory.
The saturating logic is activated when overflow is detected:
positive overflow:.  the sum is repiaced by 011...11

negative overflow: the sum is replaced by 100...00 {asymmetric saturation)
100...01 (symmetric saturation)

Remark: For the case that the resuit is 100...00, no overflow occurs. For symmetric saturation, a

special detection circuit is needed fo replace the result by 100...01. This circuit is not shown,
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L
0100
6 0110
+ 0100
+10 1010
0 0000

G, %G,
57

-6
o4

-10

0

Co#Chs

¥
1000
1010
+1100

A 0110

il

000

zeroing

The zeroing logic is activated when overflow is detected. The sum is replaced by 000...00.
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2.5 Pipelined Adder

a={aya]j M = most significant bits
b=, bl L = least significant bits

The critical path of an adder is the carry chain wit a delay t...

This delay can be divided by two, by placing a pipeline register in the middle of the carry chain. Extra
registers are inserted to afign the most (M) and least {L} significant parts of the operands (a and b} and
the sum {s). This is called retiming .
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2.6 Serial Adder/Subtractor (2's C)

parallel

-4 1100
+{5) +0101 add
100
onas complement & 4 1100
LSBi c. |Gy +{5) 00—
4 serial —_— T
decode cnt 140001

A bit-serial adder/subtractor can reduce the needed hardware but with a2 more complex confrol
sfructure.

Adder

The two serial inputs a; and b, are assumed to be n-bit twos complement numbers and are
synchronized to a clock signal, with the least significant bits (LSB's) first. The full adder is a
combinational {ogic circuit which adds the two present input bits and a carry bit to produce a sum bit
and an output carry bit. The output carry is stored in a one-bit delay or flip-flop (D} to be input for the full
adder during the next clock cycle. After the most significant bits and sign bits are added to complete the
addition, a new addition may begin immediately in the next clock cycle. Since a nenzero carry hit may
still be stored in D from the previous addition, a clear (LSB) timing signal, which is zero during each
LSB clock cycle, forces the input carry to zero via the multiplexer,

Assuming that the data samples are (n+1)-bit twos-complement numbers, an addition requires n + 1
clock cycles. This is one clock cycle longer than the serial inputs (operands). Several methods can be
used to make operands and result equal in length: sign extension of the operands, rounding of the
result, limiting the range of the operands so that the resuit can be represented with n bits {as was done
in the figure).

Subtractor

Subtraction is the negation of the subtrahend (b, in the exampie shown), followed by addition. Negation
of a twos-compiemeant number is implemented by complementing all the bits of the number and adding
‘1" in the LSB position. Hence in the subtractor, an inverter complements all bits of the subtrahend, and
the carry loop is modified o cause an initfal carry input of "1’ during the LSB cycle.
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3. Quantization

reduction of the precision of a binary fixed-point number from n+f bits to n+q bits

— discards ‘lower’bifs

X a

ag| <P

) Y[R - - IO -

QDA @Gz - (o [T | |G| > <nigQ>

)
new LSB

e = Qx] — x = gquantization error

In performing fixed-point operations such as multiplications, it is offen necessary to quantize a binary
fixed-point number X, to another number Q[x], reducing the precision {number of fractional bits) from f to
g, as shown, This can be done via truncation or rounding.

The effect of this reduction of precision is fo introduce an error whose power depends on the values of f
and g and whose statistical behaviour depends on the type of truncation or rounding used. This error is
referred to by the generic name quantisation error and is given by:

e=Qix]-x

Overflow handling versus Quantization

« Qverflow handfing discards upper bits.

+ Quantization discards lower bits.

+ Overflow handling is concerned with values that lie out of the range of the data type.

* Quantization is concerned with values that are more precise than the data type {i.e., between values in
the data type).
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Truncation
positive 178 Q0L 9-24=A  >A=20-22=075
number o ﬂ
1 0013 ! -A=esD
Q][ < x|
175 10411 | -1.75 11000 125 110,11 |
negetive . :_ﬂ?ﬁ--:: i SRR g :
number E : _:_::':é
-1 a0 -1 -2 1101>.<§
|Qfx][ < | [Qpx]} < | Q]| > x| QL] > [x|
sign-magnitude 1’s complement 2's complement 2's complement
hardware: no cost

In truncation, the least significant bits a_,_, ... a_, are simply dropped, regardiess of the sign and the
convention {o represent the negative numbers.

If x is a positive number, the 3 binary representations are identical.
If all the truncated bits are 1, the maximum guantisation error oceurs, with absolute value A

A=7f-27¢
The resulting number Qfx] is always smaller than the original number x. The corresponding quantisation
error is always negative and limited:

-A<e<0 and Qp<[x

If x is @ negative number, the error depends on which binary representation is used.
« sign-magnitude truncation and ones complement fruncation:
0<e=A and Q=4
« twos complement fruncation:
~Ases0 and Q) z¥
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Truncation Hardware

VORI - WP O - W - TP OO - O -

QIX] @yqBra] o | B0 |8y | |2 | ><T

<nf f>

<r§+q'q>

Truncation

« Simply discards the low (f-g) bits

* Quite imprecise

Example:

0000|1111 becomes O by truncation of the lower 4 bits,

DIGITALE SYNTHESE - Arithmetic Functions: MAC

19/05/2008

26



ir. J. Meel - DE NAYER instituut 19/05/2008

1’s C truncation

sign-magnitude truncation (fix) 2’s C truncation (floor) ceif
Qg ' Qpda Qx4
: 2n"1_2~q.._..._.._.... e Eml_zﬂ B ——

R

i 7 g

Ty

e=Qx]-x, e=Q[x]- x4
R 21y gt A 71— s S s s, X
ot ANNNNN WW{ Tt A PR
A=2w-21 Ple} Ple)a
1124

........ e e ,
-A 0 -A 0 A -A
e -

8=0 g2 = A3 8 =-A2 a2 = AZ[12 &= A2 o2 = A12

Q]| <X  round towards 0 |x!  round towards -e [x] round towards +

The quantisation curve, the quantization error and the statistical behaviour of the quantisation error
{error prabability density function} for truncation and ceit are shown.

Round towards zero (1's C fruncafion, sign-magnitude truncation = fix)

The sign of the quantisafion error depends on the sign of the number o be quantised. The mean value
for random numbers is zero.

Notice that with round towards zero, the probability density function is twice as wide as the others, For
this reason, the variance is four times that of the others.

Round towards minus infinty (2's C truncation =floor)

Floor is offen called truncation when used with integers and fixed-point numbers that are represented in
two's complement. It is the most common quantisation mode of DSP processors because it requires no
hardware o imptement.

The sign of the quantisation error is always negative, So for random numbers the mean value is also
negative. This results in a DC shift in digital filters implemented with 2's C truncation!

Floor does not produce quantized values that are as ¢lose to the frue values as round will, but it has the
same variance, and small signals that vary in sign will be detected, whereas in round they wilt be lost.

Round towards plus infinity (ceil)

The sign of the quantisation error is always positive. So for random numbers the mean value Is also
positive. This results in a DC shift in digitat filters!

Ceil does not produce quantized values that are as close to the frue values as round will, but it has the
same variance, and small signals that vary in sign will be delected, whereas in round they will be lost.
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Ceil

positive
number

175 110,01

negative + 1.00 +1.00

e 075 11101

Qb < ] S

|Qx]| < x| |QIx]f < x|
sign-magnitude 1's complement 2's complement 2’s complement
hardware: adder & saturation logic for + overflow

Round towards minus infinity (2's C truncation = floor)
2's C truncation requires no hardware to implement. The teast significant bits are simply ignored.

Round towards plus infinity {ceil}
2's C ceiling requires extra hardware, without reducing the quantisation error.

First, a '1' has fo be added at the LSB position of the new (quantized) number before the least
significant bits can be ignored. Due to this addition, overfiow is possible.
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Ceil Hardware (2’s C)

. -q

a <n+f>

Qix] Qg | g | o | B | Gy | e | Gy | T i@

Round towards plus infinity (ceil)

2’s C ceiling requires extra hardware.

* First, a1’ Is added at the LSB position (bit a_q) of the new {guantized) number.

+ Then, the least significant bits can be ignored.

* When positive overflow occurs due to the addition, saturation logic can be activated.
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2’s C truncation (floor)

Q[X} .
|

211

&=rA2

o= A%12 - L .
~A 0 A

round

QK
2114 - 2“1

o 28 ]

e=Qx]-x

-2

-1 A2
X

21

P B N M Y . A §

Lxd round towards —=

round to nearest

The guantisation curve, the guantization error and the stafistical behaviour of the quantisation error

{error probability density function ) for truncation and rounding are shown,

Floor = Round towards minus infinity

The sign of the truncation error is always negative. So for random numbers the mean value is also

negative. This resuits in a DC shift in digital fiters implemented with 2's C truncation!

The worst case truncation error is twice as large as the worst case rounding error, Also, the truncation

error is always negative, so on average it has a non-zero mean.

Round = Round-to-nearest. in a tie, round fo plus infinity

The sign of the guantisation error is alternating, depending on the precise magnitude of the number, A
small bias is infroduced by ordinary "round” caused by always rounding the tie in the same direction. So

for random numbers the mean value is nearly zero (slightly positive).
Round Is more accurate than floor, but all vaiues smaller than 279 get rounded to zero and so are lost.
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positive
number

negative
nurber

2's C truncation

175 00141

o
T 001
175 110.01]

Sl
2 x|
2's complement

hardware: no cost

Round
2’s C round
175 00141, 150 7 001,10 125 001.01
+ 050 *0.10 + 0.50 "+.0.10. + 0.50 +0.10
2.25 - 010.01 2.00 010,00, 1.75 . 001.11
TIE 1
-175 110,01 ~150 - 11010 125~ 110:41
+ 050 + + 050 -+ 0,10 + 050 -+ 0.10:
-1.25 11041 -1,00 - 111.00. -0.75 111.01
-2 X R

2's complement

hardware: adder & saturationiogic for + overflow

In rounding, the value Q[x] is taken to be the nearest possible number to x. The quantisation error is
limited by:

(2t - 22 <e s -(2F- 290

Rounding is more accurate than truncation, but requires more effort in its imptementation.
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Round Hardware (2’s C)

X a._ | a.| - a, a4 a a a <n+f>

woverflow <=

Qix] Qg | g | o ] Go | G | e | Qg | e <

Round = Round-fo-nearest. In a tie, round to pius infinity

2's C rounding requires extra hardware.

+First, a "1'is added at the LSB~1 position (bit a_,_,) of the new {quantized) number.
* Then, the least significant bits can ke ignored.

« When positive overflow occurs due to the addition, saturation logic can be activated.
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round convergent round
(G, - i1,
R o ; ; I ”?‘
1 1t
ol N ol
3 ] T 170 1 2 X 3 ] TR i Z KR
' A 1
K ‘/ R
e 25 2
S e=Qxj- X,
i 12
. N N Mos
NN i gl ~J X
o= o bt =i e e bl ]
. 3 0 2
Ple)
g=+0 =0 . 1A
ot=am12 ol e : o2 = A2 e
ST SN2 D AR ~AR2 0 AR
round to nearest & in a fie: round to + « round to nearest & in a tie: round to even

Convergent rounding eliminates the bias introduced by ordinary "round" caused by always rounding the
tie in the same direction,

Round = Round-to-nearest. In a tie, round fo plus infinity
» Chooses the nearest representable value.
* In case of a tie, rounds up.
» Sometimes called biased rounding.
*The error probability density function:
Ple)=1/A for -Al2<e=Af2
=0 otherwise

Convergent rounding = Round-to-nearest. In a tie, round to even
» Also chooses nearest representable value.
* |n case of tie, chooses nearest even number,
+ Sometimes called unbiased rounding.
*The error prohability density function;
Ple)=1/A for ~Al2=e= A2
=0  otherwise

The error probability density function for convergent rounding is difficult to distinguish from that of
round-to-nearest by looking at the plot. Note that the error p.d.f. of convergent is symmeiric, while round
is slightly biased towards the positive. The only difference is the direction of rounding in a tie.
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2’'s C round

Convergent Round

2’s C convergent round

) 150 00140 250° 01040 150 00140
positive 4 0 50 <4 040 + 050 0. + 0.50 5 +0.10 + 0.50 -+ 040
number Fr—— e s ——

300 011, 2.00 - 010.00 3.00- 01100 200 013._(3'9-
3 2 010X 2 2 00X

TIE to + TIE to even
-250 10110 ~150 ~110.10 -2.50 10110 ~1.50 11040 |
negative + 0.50 - +:0.10 + 050 #0140 + 0.50 ©+040,  + 050 +010
umber 2500 110.00 ~1.00 111, ~2.00 11000 ~1.00 11100
2 floxi - 2 MOX 2 10X

& hardware: tie logic

hardware: adder & saturation logic for + overflow

The conventional rounding rounds up any value above one-half the quanfisation interval and rounds
down any value below one-half, Because one-half is always rounded up, the result Q[x] will be biased in

upward direction.

Convergent rounding solves the problem by rounding down if the number is odd and rounding up if the

number is even.
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Convergent Round Hardware (2’s C)

<n+if>

HA |+ 1

TIE

+ovarflow

Q[x] Bl G| o | G | Gy | o | Oy | e <@

Round = Round-to-nearest. In a tie, round fo plus infinity

2's C rounding requires extra hardware,

+ First, a *1"is added at the LSB~1 position (bit a_,_,) of the new (quantized) number.

* When a tie is detected {all bits that will be ignored are zero except the bita_,_;), the LSB position of
the new {quantized) number is set to 0.

* Then, the least significant bits can be ignored.

» When positive overflow occurs due to the addition, saturation logic can be activated.
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4. Increasing Size (Casting)

increasing the number of bits in a 2’s complement fixed-point number
without changing its value

X |Bpeq@nog| - 186 | 8q | |8 <n+ff>

sign extension

1) Apy| o [Begi@

n=t[@nea| - 18 |84 ] 3,1 0 [ | O <min+frkf>

+—» Arrrr————p

m-bit k-bit

{no errar)

casting = changing the number of bits in a twos complement representation.
The number of bits in a twos complement representation can be increased, without changing its value.
* To the right of the LSB
Append positions fo the right of the L.SB and fill them with 0's,
* To the left of the MSB = sign extension
Replicates the sign bit in an uninterrupted sequence.
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1000 | 100000 |, 0 i o ,
- 0001 | 23.00=92, 1490 -0100 2Y=TA T2 22‘22"‘1+...+2“:2"r2“§
0111 011100 | (2-2)2= 2420+ 202 = it
""""""" T {Booth Atgorithm)
X n-4@n 8y |84 8y
sign extension
100 [Ba-1] -+ Bnet@ngf@np| - (B | B | ag n+M=y
e
m-bit
—2 N
X|=-a_.20" 4 5g2
0001 = [] bd== 827+ 2 010111 = 000010111
{no error) 2 101001 = 114101001 |
[(x)] = = a,_q. 291 + a_ (2v2+, . +271) +_"z;fa‘ 2 s
o
add difference 2+ - 2+

When a twos complement number with a n-bit integer part is extended to a number with a v-bit integer
part, the complementation constant (= weight of the sign bit when the value is calculated) increases

from 271 1o 2v-*,

The difference of the two constants:

2v~1 - 2n~1

must be added to the representation of any negative number, Using the Booth algorithm:
-l o9t = w2 g gv=3 g g Ot

this is equal to (v-n-1) 1's followed by {(n-1} 0's.

Example:

876543210
100000000 2 256
- 000010000 - 24 - 18
011110000 27+ 26+ 25424 240=128+64 +32+16

To extend the integer part of a twos complement number with p=v-n bits, the sign bit must be extended

(replicated) p times.
Example (p=3);

010141 = 000010111
101001 = 111101001
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5. Multiplication

[a] = = 24,271 + 222 % [o] = = by 20+ 202"
i=— = i
n+f n+
a @@, - (8 (8] Ay b bqlbn-s| - b B 1By

p p_Zn—1p2n-2 v | B iPreatPaez| o | Po PP o [ B P e | P

2.(n+)

n-2 . n- :
[P1= (- 804271+ 3:82). (= b,,.271 + b2
= fm—T

Multiplications are expensive and slow operations. The performance of many computational problems
often is dominated by the speed at which a muitiplication operation can be executed. This observation
has, for instance, prompted the integration of complete multiplication units in state-of-the-art digital
signal processors and microprocessors. Multipliers are, in effect, complex adder arrays. The analysis of
the muitipfier gives some further insight into how to opfimize the performance (or the area) of complex
¢ircuit topologies.

Consider two signed fixed-point binary numbers a and b that are n+f bits wide. To introduce the
multiplication operation, it is useful to express a and b in the hinary representation;

n—2 n-2
fa]=-2,,2""+> a2 [b]=-b,(2""+> b2
i=—f i=—f

with &, bj € {0,1}. The multiplication operation is then defined as follows:

-2 n-2
B]= (8,027 + > 2,2'). (b, 42" + > b,.27)

f=—f i=f
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5.1 Unsigned Multiplication

n
a, a, & & muftiplicand
X by b, b, b, mulfiplier
apby axby apby aub,  ppy
0 Bbs a0y by 2, PP partial product array
azb, ayb, aub, ayh, «——— pp, can be formed
_ in paralel
+ . 8gby ayhy aby apby < « . PP;
P P Ps Py P3P Py Do double precision
_ product
2n

operations:  and, shiff, add

Multiplication can be defined as repeated addition. The number to be added is the multiplicand, the
number of times that its shifted version is added is the multiplier, and the result is the product. Each
step of the addition generates a partial product. In most computers, the operands usually contain the
same number of bits. When the cperands are interpreted as integers, as in fixed-point arithmetic, the
product is usually twice the length of the operands in order to preserve the information content.

The simplest way to perform a muifiplication is to use a single two-input adder. For inputs that are n bits
wide, the multipfication takes n cycles, using an n-bit adder. This shift-and-add algorithm for
multiplication adds together n partial products. Each partial product is generated by multiplying the
multiplicand with a bit of the multiplier - which, essentially, is an AND operation - and by shifting the
result on the basis of the multiplier bit's position. A faster way to implement multiplication is to resort o
an appreach similar to manually computing a multiplication. All the partial products are generated at the
same time and organized in an array. A multi-operand addition is applied to compute the final product.
This set of operations can be mapped directly into hardware. The resulting structure is called an array
multiplier and combines the following three functions: partial-product generation {and), partial-product
shift, partial-product accumulation, and final addition.
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Example of Unsigned Multiplication

n
1 | 1 multiplicand {11)
S x 1 0 1 multiptier (13)
1 ] 1 1 1 ppgy
N 0 0 0 0 D by partial product array
1 0 1 1 ——1 pp, can be formed
in parallel
+ 1 0 1 1 + 1 ppy
1 0 0 ) 1 1 1 1 double precision
product (143)
2n

operations:  and, shift, add

The multiplication of twe unsigned n-bit numbers results in a double precision product (2n-hit);
n bits x n bits = 2n bit product
The binary representation of numbers makes the mulfiplication process easler:
0 — place 0 { 0 x multiplicand)
1-— place a shifted copy (1 x muitiplicand)

Partial products result from the logical AND of multiplicand a with a multiplier bit b, Each row in the
partial-product array is either a copy of the multiplicand or a row of zeroes. Careful optimization of the
partial-product generation can lead to some substantial delay and area reductions. Note that in most
cases the partial-product array has many zero rows that have no impact on the result and thus
represent a waste of effort when added. In the case of & multiplier consisting of all ones, all the partial
products exist, while in the case of all zeros, there is none. Based on this observation the mean number
of generated partial products is n/2. Booth recoding is a technique that skips over 0's fo reduce the
number of additions in the multiplication process.

After the partial products are generated, they must be summed. This accumulation is essentially a
mufti-operand addition. A straightforward way to accumulate partial products Is by using a number of
adders that will form an array - hence, the name, array multiplier. A more sophisticated procedure
performs the addition in a tree format (Wallace).
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Adder Building Blocks

G, =gtpg

The basic building blocks for binary addition are the haif adder (HA) and full adder (FA).
Half Adder {HA)

The half adder is the most primitive arithmetic circuit involved in the addition process. It has two inputs
(the bits a and b to be added} and two outputs (the sum s and the cutput carry c_}.

Full Adder (FA)

In a mulg-bit addition, the carry-out of a previous stage must be added to the sum of the present stage.
This requires a third input: input carry c,.
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Ripple Carry Array Multiplier
H 0
_— R
FA: n?=2n PP
H&  n z g & u G by
% V1YY
e =
a a a ]
3 E 2 | 1 l 0 b2
FA — FA —1 FA HA
2y |32 Ea1 an . o
3
FA — FA ] FA HA
1 ; v ! ! ' !
Py Ps Ps Ps Ps Py Ps Pa

Ripple Carry Array Muftiplier

A ripple carry array mulfiplier (also called row ripple form) is an unrolled embodiment of the classic
shift-add multipication algorithm. The illustration shows the adder structure used o combine all the
partial products in a 4x4 muliplier, The partia products are the logical and of the bits of the multiplicand
a witch each bit of the multiplier b.

The hardware composition of an array multiplier is shown. There is a one-to-one fopological
correspondence between this hardware structure and the manual multiplication. The generation of n
partial products requires n? two-bit AND gates. Most of the area of the multiplier is devoted to the
adding of the n partial products, which requires (n-1) n-bit adders, of which n HA's and (n-1)2-1 FA’s.
The shifting of the partial products for their proper alignment is performed by simple routing and does
not require any logic.

This basic structure is simple fo implement in FPGA's, but does not make efficient use of the logic in
many FPGA’s, and is therefore larger and stower than other implementations.
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Ripple Carry Array Multiplier - Critical Path

— Vil

b = zn'tpon PPg

33 32 Ea1 Ilau b
1
H ~PA
b
bs

Po

Due to the aray organization, determining the propagation delay of this circuit is not straightforward.
Consider the implementation shown. The partial sum adders are implemented as ripple-carty
structures. Performance optimization requires that the crifical timing path be identified first. This turns
out to be nontrivial. in fact, a large number of paths of almost identical length can be identified. Two of
those are highlighted in the figure. The maximum delay is the path from either LSB input (a, or by) to
the MSB of the product {p,), and is the same (ignoring routing delays) regardless of the path taken. The
defay is approximately 2.n.t,

Since all critical paths have the same length, speeding up just one of them for instance, by replacing
one adder by a faster one, does not make much sense from a design standpoint. Alf critical paths have
to be attacked at the same time.
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Ripple Carry Array Multiplier - Modular Diagram
8 8 3 alz a|1 alo
b
’ U g
; @ a3 G & )
G FA je—+5 ,i --$ l - by
o H Fl L SF L “H
5.'0 33 dy 4 ao
| | | |
F F F ok H
a3 8 & 3
| l | , 1
— by
; F * Fil . F * H
l é l l r vy A J
Py by Ps Py Pz 92 p‘E p()

In the modular diagram of the ripple carry array mulliplier, the partial product generation (and) and
addition {HA or FA) are combined in a single block to simplify the structure of the multiplier.

Ripple Carry Array Muiltiplier {conclusion).
* row rippie form

+ unrolled shift-add algorithm

* delay is proportional to n

* reqular routing pattern
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Carry Save Array Multiplier

& & g 4
b {_b i é_b Bo
2, a 3 3
b + 4 ! |
Gyt G o b1
: H e H H
"e & =7 ay 8y
A S b
Hl A beld JE i
gy gy a4 g
{fast) i 4 | v 4 X
Vector S SR e e 1
Adder 1 l l
WALt Al tRA L Lhal
T T T —
¥ ¥ v ¥ r ¥ ¥
Pr Ps Ps By Ps P2 Py Pg
Carry Save Adder (CSA)

Mult-operand adder that does not propagate the carry to the following stage. Instead, it saves the carry
propagation until aff additions are completed and then fake a final cycle fo complete the carry
propagation for all additions.

Carry Save Array Multiplier

Due to the large number of aimost identical critical paths, increasing the performance of the structure of
the ripple carry array through optimisation of the FA's yields marginal benefits. A more efficient
realization can be obtained by noticing that the multiplication result does not change when the output
carry bits are passed diagonally downwards instead of only to the right, as shown in the figure. An extra
adder is included to generate the final result. This is called a Vector Merging Adder (VMA}. The
resulting multiplier is called a carry save multiplier, because the carry bits are not immediately added,
but rather are "saved" for the next adder stage. In the final stage, carries and sums are merged in a fast
carry-propagate (e.g., carry-look-ahead) adder stage: the Vector Merging Adder (VMA).
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Carry Save Array Multiplier - Simplified
Crl '°‘|2 3§1 ala
AND:  n? &
FA: -2 | @
HA: n E T i”
; 'H_ f H
2
e |7
Ed
(fast)
Vector
Merging
Adder l
)
I
k v L r
By Pg Py Py Pa

The half adders blocks (H) having the MSB of the multiplicand a as input only perform a partial product
generation (no Input carry, no output carry). They are replaced in the simplified structure by their

equivalent and gate.

The carry save array multiplier (cofumn ripple) has the same gate count as the carry ripple multiplier

{row ripple):
AND:n.n=n2

FA: {n-1)2-1=n?-2n
HA n
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Carry Save Array Multiplier ~ Critical Path

3 a

b

b = (1)t + b

2
h

/

24

dy

&
(fast) 4
Vector L
Merging s
Adder /

a2l [a

" L 4
Py Pg

Py

While the structure of the carry save muitiplier has the same area cost, it has the advantage that its
worst case critical path is shorter and uniquely defined, as highfighted in the figure and is expressed as:

Eut = (01 gt * Y
This delay is almost the same as that from the carry ripple multiplier,

Because all the critical paths contain the delay of the Vector Merging Adder t,,,,, the critical path of the
multiplier can be reduced by increasing only the speed of this Vecior Merging Adder (carry look ahead,

tree adder).
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Carry Save Array Multiplier - Modular Diagram
5 G & 3 a a 3
» Py
q ~H H H
o s, ‘ ’ | ’
b - B S
: ¢ ’ N B F:
AND:  mz | 530 B T F
FA: n-2n ; — P,
F -F F
S G 2
| —
B Vector T S
O Merging " FA A ‘HA
Adder rm —\. N\
N | ) \ )
% pT pﬁ Ps

When mapping the carry save multiplier onto silicon, one has to take into account some other
topological considerations. To ease the integration of the multiplier into the rest of the chip, it is
advisable to make the outline of the module approximately rectangular. The overall structure can easily
be compacted into a rectangle, resulting in a very efficient layout. A floor plan for the carry save
multiplier that achisves this goal is shown in the figure. Cbserve the regularity of the topology. This

makes the generation of the structure amenable fo automation.

The AND gates generate the partial products. Full adders and half adders add the generated partial
products. Sum oulputs are connected diagonally and carry outputs are connected vertically. The last
row of adders (Vector Merging Adder) which are connected from left to right, generates the n most

significant product bits.

An n by n unsigned array multiplier uses n? AND gates, (n? - 2n) FA's and n HA's,

DIGITALE SYNTHESE - Arithmetic Functions: MAC

19/05/2008

48



ir. J. Meel - DE NAYER instituut 19/05/2008

Carry Save Array Multiplier - Modular Diagram - Critical Path

s G N a3 L a 8

* Py
Nt
by N ;
H
=k q — P
CO SD k. A

b ] Z .F NG H
\ g

by S

Vector ST I T .
FA [ Merging —EL “"—u Hp

e Adder ,Tlnm;\:-; — o
TN v v v !
S, Ps Ps Ps

All the critical paths contain the delay of the Vector Merging Adder 1,,,. Aimost half of the fatency is
due to the bottom row of adders. Therefore, the critical path of the mudtiplier can be reduced by
increasing only the speed of this Vector Merging Adder (carry lock ahead, tree adder). Although this
decreases the overall delay it has a negative impact on the designs regularity.

Carry Save Array Multiplisr (conclusion):

« column ripple form

« fundamentally same delay and gate count as row ripple form

+ ripple adder can be replaced with faster carry look ahead or carry tree adder
* regular routing pattemn
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Wallace-Tree Multiplier

8 | a & multiplicand
misltiplier
PPy
n PPy partial product array
3D, PPy can be formed
in parallel

+ ash;  aub, PP

b, Pg Ps Py P3 [ P Py g?;ﬂirprecrsmn

addition of multiple operands

Wallace-Tree Multiplier

The partial-sum adders can also be rearranged in a treelike fashion, reducing both the critical path and
the number of adder cells needed. Consider the simple example of four parfial products each of which
is four bits wide, as shown in the figure. The full adders needed for this operation can be rearranged by
observing that only column 3 in the array has to add four bis. All other columns are somewhat less
compiex.
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Addition of Multiple Operands - Integer

serial paraliel (tree)

1+1+1+1+1+z+»;+1) (T + 0+ )+ (1+1+ (1+1»)3

|eve|1 2 level 1
level 2 level 2
level 3 level 3
level 4 level 1: 4 parallel adders

fevel 2: 2 parallel adders
level 5

level 3; 1 adder

level 6 add partial products in parallel

level 7

The addition is commutative and associative. By a reorganisation of the additions of multiple operands,
the number of levels can be reduced (not the number of additions).
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Addition of Multiple Operands - Binary

serial parallel {tree)

=
<

the Wallace ree sums up ailthe bits
of the same weights in a mergad tree

.‘......... ~

J M

FA

P

— Ciq

Yo Y1 V2 Ya Yo ¥5

o, _ lFAl« ' '-L#AL- J iy

— Cit G

[

O(logs,(n))

1;5‘\
N

FA

i b

AN

3 equally weighted hits are combined to produce 2 bits (3:2)

One can reduce the number of series carry save adders, by adding more of the partial products in
paraliel. Atree of adders is used.

A Wallace tree is an implementation of an adder tree designed for minimum propagation delay. Rather
than completely adding the partial products in pairs like the ripple adder does, the Wallace tree sums up
all the bits of the same weights in a merged tree. Usually full adders are used, so that 3 equally
weighted bits are combined fo produce 2 bifs: one (the carry) with weight of k+1 and the other {the sum)
with weight k. Each layer of the {ree therefore reduces the number of vectors by a factor of 3:2 (Another
poputar scheme obtains a 4:2 reduction using a different adder style that adds little delay in an ASIC
implementation). The free has as many layers as is necessary to reduce the number of vectors fo two
{a carry and a sum). A conventional adder is used to combine these fo obtain the final product. The
structure of the tree is shown, For a multiplier, this tree is pruned because the input partial products are
shifted by varying amounts.
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partial products e 00 @ ¢ 9 2 6e0e .
a @ 8 9 2 8 & & 9 @
76543_21.0 e o @ o — 5 8 @ S 20000
-—;—-::_:J. 2 D a & - @ 8 9 & & @ ©
sls|e]e k operandsfcolumn
[ BN BN BN ) : A,
_ h ~ delay = O(log,;, n} : ag:hy—
e g‘@ * Irreguiar stricture o
. f’ ff apby raphy, 1 o-agh,
copepee “Ayby  ranb, | |aybq | lagbe by
g /:/ e level 0
@ & 6 0 2 © 0 @ n operands 33.2)3 aa.bz as.b1 aa.bo az.bo 31.bo aﬁ.bo
; . | | | |
- W i
_ ovel A IEAC RN HA
= |HA = {23).n |
=3 Ct l.s
e fevel 2
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= |-E& fevel h :
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ot *S @apa “FA: F FA* ;
Co/ i l Iir l i ) r 9 4
) 32 gompressor p; Ps D: Dy [+ Pa Py Pa

Tree multipliers generate all partial products in parallel using a iree of counters fo reduce the partial
products to sum and carry veciors and then sum these vectors using a fast carry-propagate adder. Tree
multipliers offer a delay proportional to the logarithm of the operand length (n).

In the figure, the original matrix of partial products is reorganized into a tree shape to visually illustrate
its varying depth. The challenge is to realize the complete matrix with a minimum depth and a minimum
number of adder elements. The first type of operator that can be used to cover the array is a full adder,
which takes three inputs and produces two outputs: the sum, located in the same column and the carry,
located in the next one. For this reason, the FA is called a 3-2 compressor, It is dencted by a circle
covering three bits. The other operator is the half-adder, which takes two input bits in a column and
produces two outputs. The HA is denoted by a circle covering two bits.

The final step for completing the multiplication is to combine the result in the final adder. This can be a
simple two-input adder but performance of this "vector-merging” operation is of key importance.

The presented structure is called the Wallace-Tree muifiplier, and its implementation is shown. The tree
multipfier realizes hardware savings for larger mulfipliers. The propagation delay is reduced as well. In
fact, it can be shown that the propagation delay through the free is equal to O(logy,(n)} instead of O{n)
for a carry save multiplier. While faster than the carry save structure for large multiplier word lengths,
the Wallace multiplier has the disadvantage of being very irregular, which complicates the task of
coming up with an efficient layout. Each tree has a different number of partial products and a different
number of input carries. This irregularity is visible even in the four-bit implementation shown.
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partial products feve! 1 level 2 lavel 3
6543210 6543210 65432160 6543210
L L e & 8 B & @ O ._.,@,;0..- ./&(010/@'..
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e @ o » a
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y ‘I‘? ) T]
a5 Cy ¥5
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e 108 CFA | |oFAX| L FAT| |HA
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There are numerous other ways o accumulate the partial-product tree. A number of compression
circuits has been proposed in the literature. They are all based on the concept that when full adders are
used as 3:2 compressors, the number of partial products is reduced by two-thirds per multiplier stage.
One can even go a step further and devise a 4-2 (or higher order) compressor,

The tree shown in the figure is iteratively covered with FA's and HA's, starting from its densest part
{level 1). In a first step, HA's are infroduced in columns 4 and 3. The reduced tree is shown (level 2). A
second round of reductions creates a iree of depth 2 (ievel 3).

The final step for completing the multiplication is to combine the result in the final adder. This can be a
simple two-input adder but performance of this "vecter-merging" operation is of key impertance.

A Wallace -Tree is often slower than a ripple carry multiplier in an FPGA

Many FPGA's have a highly optimized ripple carry chain connection. Regular logic connections are
several times slower than the optimized carry chain, making it nearly impossible i improve on the
performance of the ripple carry adders for reasonable data widths (at least 16 bits). Even in FPGA's
without oplimized carry chains, the delays caused by the complex routing can overshadow any gains
attributed to the Wallace-Tree structure. For this reason, a2 Wallace-Tree multiplier does not provide any
advantage over ripple carry multipliers in many FPGA’s. In fact due to the irreguiar routing, they may
actually be slower and are certainly more difficuit to route.
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5.2 Direct 2’s Complement Integer Multiplication

N2 .

a=a,,a,,.. 8,38, [al=—a 2"+ __ZoaiZ'

n-2 .

X b=b,_, b _,..b,b, [b] = - by 21+ 202
g 2n-2 i %
axb = p = Pypg Pon-z - Py Po [P] = = pop-g- 22771 + ;:Zo pi2

n-2 n-2 "
[P = + 1By 2272 + 5 322"

n-2 n-2 . a,._ b,
-a,, gbiz'ﬂ"'“ - bn_1i§aE2”‘“‘” } b" "™ negative ferms

n-1-3 |

subtractors

H

Multiplication of iwo's complement numbers generates signed partial products as shown in the figure.
Since a,_,.b, and b, .8 have negative weights they should be subtracted rather than added. This makes
the design difficult to implement because it requires adder and subtractor cefis. Consequently several

techniques have been proposad o handie partial producis with negafive and positive weight such as
the Baugh-Waooley Algorithm.
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Signed Multiplication

-3 2 o 20

PPy
PRy

£py

PP3

By Ps - Ps Dy P3 P ¢ Pg

n=2 n=2 .
+3 yab?2"

=0 i=0

multiplicand

multiplier

partial product array

can be formed
in parailet

double precision
product

addition can't be carried out
directly due to the terms with
negative {-) weight

Since a by and b, .8

a. have negative weights, they should be subtracted rather than added. This

makes the design difficult to implement because it requires adder and subtractor cells.

DIGITALE SYNTHESE - Arithmetic Functions: MAC

19/05/2008

56



ir. J. Meel - DE NAYER instituut 19/05/2008

Example of Signed Multiplication

1 0 1 1 muftiplicand (-5)
1 0 1 muttiplier {-3)
0 1 1 .1 ppy
0 0 0 0 by partial product array
1 —1 pp can be formed
in paralial
+ + -1 pp;
0 1 -1 -1 -1 1 1 1 double precision
o R product
20 -2 - -2 22 2! 20 (15)

Addition can't be carried out directly due to the terms with negative weight.

This example of the multiplication of two's complement operands illustrates the problem of the terms
with negative weight. They cannat be handled directly with conventional full adders.
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n=2 .
[al=-a, 2"+ i_ZUaiZ'

n-2
] = -1 -3 a2
[-al=a,_,.2" i=Zﬂa\,

= an_1l2n—1 - 2n-1 4 on-1 _r:}fai?
i=0

_ n-2 i
= =(1-a, )2 +271 — 332

n-2 .
= —({1- -1 - 2
(1-a,_4).2" ;‘:Zoa'

= ~(1-a_).2" +3(1-a)2 +1
i=0

= -(@,_,).2" + fi:(é,).zi +1

1's complement +1

Two’s Complement Negative Number

{Booth Algorithm)
v=1

i=k

Sl m v 42 =2 Ok

Z
3

H
H

n-2 .
— 32 =2y +1=2""-1
i=0

The complement —a of a two's complement number a ¢an be found by inverting the bits and adding an

LSB bit.
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negate

=1'C(a)
+ b3

2! 20
a a,
b, by
aphy, ayb,

Invert(a) s

p; Pe Ps Py P3

by Po

Signed Multiplication with 2’s Complement of pp,,,

PPy
PPy
PP,

PP,

mulfiplicand

multiplier

partial product array

can be formed
in parallel

Added Term

double precision
product

Addition can't be carried out directly due to the terms with negative weight.
Sign extension is used to solve this problem.

The last partial product results from the multiplication of the sign bit of the multiplier (b;) with the

multiplicand a.

pps = a(~by.2%) = {-a}.b;.2°

The complement —a of the mulfiplicand a is taken:

2'sCla) = 1'sC{a) +1

The complemented partial product becomes:

25C{pp) = (1'sC(a) + 1).,,23 = 1'5C(a) 023 + b, 23

This can be realised by inverling the a, bits in the last partial product and adding the term b,.2*
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Signed Multiplication with 2's Complement of pp, , and Sign Extension
-3 92 21 90

G = 8 3§ muttiplicand
multiplier
PPy
PRy
partial product array
can be formed
PP2 in parallel
invert{a) - bD,
i b Added Term
o ) P P P PPy double precision
' I — product

i
a;=a, = [a]=-2m2. . 221
by=b, = [b]=-2"2 , 2021

To eliminate overflow: } = [ab]=[-22442n-2  p2n-4

The partial products are not afigned. Due to the sign bits with negative weight, sign extension of the
twos complement numbers is used. To limit the length of the partial products the are only extended with
one bit. This reduces the hardware needed but also limits the range of the multiplicand and the
multiplier,

To eliminate overflow, the MSB of the n-bit multiplier, b, _,, is defined as a guard bit and is set equal to
b._,. The multipliers must now fie in the range [-2"2, 22-1]. Also the multiplicand has a guard bit, so

84= 8.
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-23 22 n 2
17 51 0 1
x1 =1 0 0
0 0 0 .0 ppy
9 0 <« .0 pp
0 0
0 1 1 pp,

To eliminate overflow: a;=a, => [a]=-2"2.. 272

Example of Signed Multiplication with Sign Extension

multiplicand (-3)

muftiplier (-4)

partial product array

can be formed
in parailel

Added Term

double precision
product {+12)

& by=h, = [b]=-2m2  2n2-q

To eliminate overflow, the MSB of the n-bit muitiplicand, a,_., is defined as a guard bit and is set equal
to a,.,. The multiplicands must now lie in the range [-2"2, 2"-2~1[, Also b__, = b, _, for the multiplier.

The example Hlustrates the principle of the complemented iast partial product and the sign extension of

the other partial products to implement the direct multipication of signed integers.
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